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1 In tro duction

The development of Applied Type System(ATS) [36, 31] stemsfrom an ear-
lier attempt to intro duce dependent types into practical programming [38,
37]. While there is already a framework Pure Type System[4] (PTS) that
o�ers a simple and generalapproach to designingand formalizing type sys-
tems, it hasbeenunderstood that there are someacute problemswith PTS
that make it di�cult to support, especially, in the presenceof dependent
typesvarious commonprogramming featuressuch asgeneralrecursion [10],
recursive types [19], e�ects [17], exceptions[15] and input/output, etc. To
addresssuch limitations of PTS, ATS is proposedto allow for designingand
formalizing type systemsthat can readily accommodate common realistic
programming features. The key salient feature of ATS lies in a complete
separation of the statics, where typesare formed and reasonedabout, from
the dynamics, where programs are constructed and evaluated. With this
separation, it is no longer possible for a program to occur in a type as is
otherwise allowed in PTS.

We have now designedand implemented ATS, a programming language
with its type system rooted in ATS. The work we report here is primarily
motivated by a need for combining programs with proofs in ATS. Before
going into further details, we would like to present an exampleto clearly il-
lustrate the motivation. In ATS, we can declarea function append (through
a form of syntax rather similar to that of Standard ML [20]) in Figure 1.
We uselist asa type constructor. When applied to a type T and an integer
I , list (T; I ) forms a type for lists of length I in which each element is of
type T. The two list constructors nil and cons are assignedthe following
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fun append {a:type} {m,n:nat}
(xs: list (a, m), ys: list (a, n)): list (a, m+n) =
case xs of
| nil () => ys // 1st clause
| cons (x, xs) => cons (x, append (xs, ys)) // 2nd clause

dataprop MUL(int, int, int) =
| {n:int} MULbas(0, n, 0)
| {m,n,p:int | m >= 0} MULind (m+1, n, p+n) of MUL(m, n, p)
| {m,n,p:int | m > 0} MULneg(~m, n, ~p) of MUL(m, n, p)

fun concat {a:type} {m,n:nat} (xxs: list (list (a, n), m))
: [p:nat] (MUL (m, n, p) | list (a, p)) =
case xxs of
| nil () => (MULbas () | nil ())
| cons (xs, xss) => let

val (pf | res) = concat xss
in

(MULind pf | append (xs, res))
end

Figure 1. An exampleof proof construction in ATS=LF

constant types(or c-types):

nil : 8a : type: list (a; 0)
cons : 8a : type:8n : nat : (a; list (a; n)) ) list (a; n + 1)

The header of the function append indicates that append is assignedthe
following type:

8a : type:8m : nat :8n : nat : (list (a; m); list (a; n)) ! list (a; m + n)

which meansthat append returns a list of length m + n when applied to two
lists of length m and n, respectively. Note that type is a built-in sort in ATS,
and a static term of sort type is a type (for dynamic terms). Also, int is a
built-in sort for integersin ATS, and nat is the subsetsort f a : int j a � 0g
for natural numbers. We will explain later that subset sorts are just of a
form of syntactic sugar.

When type-checking the de�nition of append, we essentially generatethe
following two constraints:

8m : nat:8n : nat: m = 0 � n = m + n
8m : nat:8n : nat:8m0 : int: m = m0+ 1 � (m0+ n) + 1 = m + n

The �rst constraint is generatedwhen the �rst clause in the de�nition of
append is type-checked; the constraint is neededfor determining that the
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types list (a; n) and list (a; m + n) are equal under the assumption that
list (a; m) equals list (a; 0). Similarly, the secondconstraint is generated
when the second clause in the de�nition of append is type-checked; the
constraint is needed for determining that for any integer m0, the types
list (a; (m0 + n) + 1) and list (a; m + n) are equal under the assumption
that list (a; m) equalslist (a; m0+ 1). Clearly, we needto imposecertain re-
strictions on the form of constraints allowed in practice so that an e�ectiv e
means can be found to solve such constraints automatically. In ATS, we
require that (arithmetic) constraints like those presented above be linear,1

and we rely on a constraint solver basedon the Fourier-Motzkin variable
elimination method [12] to solve such constraints. While this is indeed a
simple design, it is inherently ad hoc and can also be too restrictiv e, some-
times, in a situation where nonlinear constraints need to be handled. For
instance, a function concat that concatenatesm lists of length n may be
given the following type:

8a : type:8m : nat:8n : nat : list (list (a; n); m) ! list (a; m � n)

Unfortunately , this type is not allowed in ATS asm � n is not a linear arith-
metic expressionand thus cannot be usedas a type index. To addressthis
issue,a recursive dependent prop constructor MUL is declaredin Figure 1
for encoding the multiplication function on integers. In general, a prop is
like a type, and the essential di�erence between them is that a prop can
only be assignedto total terms (to be formally de�ned later), which we
often refer to as proof terms. The concrete syntax used to declare MUL
indicates that there are three (proof) value constructors associated with
MUL , which are given the following constant props (or c-props):

MULbas : 8n : int : () ) MUL (0; n; 0)
MULind : 8m : int :8n : int :8p : int : m � 0 �

(MUL (m; n; p) ) MUL (m + 1; n; p + n))
MULneg : 8m : int :8n : int :8p : int : m > 0 �

(MUL (m; n; p) ) MUL (� m; n; � p))

Given integers I 1; I 2 and I 3, it is clear that I 1 � I 2 = I 3 holds if and only
if MUL (I 1; I 2; I 3) can be assignedto a closed (proof) value. In essence,
MULbas; MULind and MULneg correspond to the following three equations
in an inductiv e de�nition of the multiplication function on integers:

0 � n = 0;
(m + 1) � n = m � n + n if m � 0;

(� m) � n = � (m � n) if m > 0.

1More precisely, each arithmetic constrain t is required to be turned into a linear
programming problem.
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The function concat can now be given the following type:

8a : type:8m : nat :8n : nat :
list (list (a; n); m) ! 9p : nat: MUL (m; n; p) � list (a; p)

The code for implementing concat is given in Figure 1. We write (: : :) to
form tuples. Also, we use the bar symbol ( j ) as a separator to separate
proofs from programs. Given an argument xss of type list (list (T; I 2); I 1),
the function concat returns a pair (pf ; r es) such that pf is a proof value of
prop MUL (I 1; I 2; I 3) for someinteger I 3 and res is a list of type list (T; I 3).
Therefore, pf acts as a witness to certify that the length of res equals
I 1 � I 2.2 Now supposewe would like to assignconcat the following type:

8a : type:8m : nat :8n : nat :
list (list (a; n); m) ! 9p : nat: MUL (n; m; p) � list (a; p)

which is obtained from replacing MUL (m; n; p) with MUL (n; m; p) in the
above type assignedto concat . Then we need to replace MULbas() and
MULind (pf ) in the de�nition of concat with lemma0() and lemma1(pf ),
respectively, wherelemma0 and lemma1 are the following (proof) functions:

prfun lemma0{n:nat} .<n>. (): MUL(n, 0, 0) =
// [sif] forms a conditional with a static condition
sif n > 0 then MULind (lemma0 {n-1} ()) else MULbas()

prfun lemma1{m,n:nat} {p:int} .<n>. // <n> is a termination metric
(pf: MUL(n, m, p)): MUL(n, m+1, p+n) = case pf of

| MULbas() => MULbas() | MULind pf' => MULind (lemma1 pf')

Note that the keyword prfun indicates the implementation of a proof func-
tion. We now chooselemma1 for further explanation. The prop assigned
to lemma1 is

8m : nat :8n : nat :8p : int : MUL (n; m; p) ! MUL (n; m + 1; p + n)

Essentially , lemma1 represents an inductiv e proof of n � m = p � n � (m +
1) = p+ n for all natural numbers m; n and integersp, where the induction
is on n. In particular, the following two linear arithmetic constraints, which
can be easily veri�ed, are generatedwhen the two clausesin the body of
lemma1 are type-checked:

8n : nat :8p : int : n = 0 � (p = 0 � 0 = p + n)
8m : nat :8n : nat :8p : int :8n0 : int :8p0 : int :

n = n0+ 1 � (p = p0+ m � p + n = (p0+ n0) + (m + 1))

2However, there is really no need for constructing proof values lik e pf at run-time,
and this issue is already investigated elsewhere [6].
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In order for lemma1 to represent a proof, we need to show that lemma1
is a total function, that is, given pf of prop MUL (I 2; I 1; I 3) for natural
numbers I 1 and I 2 and integer I 3, lemma1(pf ) is guaranteed to return a
proof value of prop MUL (I 2; I 1 + 1; I 3 + I 2). In this paper, we are to present
a type systemATS=LF in which every well-typed function is guaranteed to
be total. Generally speaking, when implementing a recursive function in
ATS=LF , the programmer is required to provide a metric that can be used
to verify the termination of the function. For instance, in the de�nition of
lemma1, hni is the provided metric for verifying that lemma1 is terminating;
when lemma1 is applied to a value of prop MUL (I 2; I 1; I 3), the label hI 2 i
is associated with this call; in the casewhere a recursive call to lemma1 is
made subsequently , the label associated with the recursive call is hI 2 � 1i
(sincepf 0 in the de�nition of lemma1 is given the type MUL (I 2 � 1; I 1; I 3 �
I 1)), which is strictly less than the label hI 2 i associated with the original
call; as a label associated with lemma1 is always a natural number, it is
evident that lemma1 is terminating. To show that lemma1 is total, we also
needto verify that pattern matching in the de�nition of lemma1 can never
fail, which is a topic already studied elsewhere[33, 35].

The primary motivation for developing ATS=LF is to support in ATS a
programming paradigm that combines programs with proofs. For brevity,
we, however, are unable to formally demonstrate in this paper as to how
such a combination can take place, and we refer the interested reader to [6]
for further details on this subject. Instead, we focus on the formalization of
ATS=LF , establishing that every-well typed program in ATS=LF is total.
A secondarymotivation we have is to useATS=LF as a logical framework
for encoding deduction systemsand their properties, and we are to present
someexamplesin support of such an application of ATS=LF .

The rest of the paper is organized as follows. In Section 2, we �rst
mention somecloselyrelated work. Wethen formalize ATS=LF in Section3.
In particular, we make use of the notion of reducibilit y [30] in proving
that every well-typed program in ATS=LF is total. In support of using
ATS=LF as a (meta) logical framework, we demonstrate how deduction
systemscanbeencodedin ATS=LF by presenting someinteresting examples
in Section 5, which are all veri�ed in ATS. We concludein Section 6.

2 Related Work
The approach to termination veri�cation in ATS=LF is essentially taken
from an earlier work [34], where a notion of termination metrics is intro-
duced into Dependent ML (DML) [38, 37] to support termination veri�-
cation for programs in DML. In this paper, we give an account for this
approach in a more generalsetting (e.g., functional type indexes,which are
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not allowed in DML, are supported in ATS=LF ).

There is certainly a vast body of literature on termination veri�cation.
In type theory, a standard approach to proving termination (of functions
or programs) derives from the notion of accessiblepredicate [1, 21], and a
detailed study basedon it can be found in [5].

When used as a logical framework, ATS=LF is probably most closely
related to Twelf [27]. In particular, a dataprop declaration in ATS=LF cor-
responds to a declaration for a type constructor in Twelf plus the constants
associated with the type constructor. The approach to termination veri�ca-
tion (for logical programs) in Twelf [28] is similar to that of ATS=LF in the
aspect that it requiresa structural ordering (possiblyon higher-order terms)
to be provided by the user, though the justi�cation for the correctnessof
this approach is not basedon the notion of reducibilit y. In Twelf, a proof
is really a meta concept and it can not be represented within Twelf while
in ATS=LF , a proof is just a well-typed program. This is a fundamental
di�erence betweenTwelf and ATS=LF , which greatly in
uences the manner
in which deduction systemsare encoded. Recently , Delphin, a functional
programming languagebuilt on top of Twelf, is proposed [29] and termi-
nation proofs in Twelf are expected to be represented as total functional
programs in Delphin.

Of course, the related work also includes various (interactive) theorem
proving systemsbasedon type theory such as NuPrl [9], Coq [14] and Is-
abelle [23]. In order to e�ectiv ely reasonabout program properties within a
type theory, the underlying functional languageof a theoremproving system
is often required to be relatively pure, making it di�cult to support many
realistic programming features (e.g., general recursion, references,excep-
tions). In general, it is in
exible as well as involved to construct programs
in a theorem proving system, though signi�can t progresshas been made
in this direction. In contrast, ATS=LF is primarily designedto be part of
ATS, a programming languagethat can readily support realistic program-
ming features (e.g., pointers and pointer arithmetic [39]). In this respect,
the designof ATS=LF is unique, and it has not beenseenelsewherein the
literature.

3 Formal Dev elopmen t

In this section, we formally present ATS=LF , a type system rooted in the
framework ATS that canguaranteethe totalit y of every-well typedprogram.
There are two components in ATS=LF : the static component (statics) and
the dynamic component (dynamics). We �rst give the syntax for the statics
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�( a) = �
� ` a : �

` sc : (� 1; : : : ; � n ) ) � � ` si : � i for 1 � i � n
� ` sc(s1; : : : ; sn ) : �

� ` s1 : � 1 � ` s2 : � 2

� ` hs1; s2i : � 1 � � 2

� ` s : � 1 � � 2

� ` � 1(s) : � 1

� ` s : � 1 � � 2

� ` � 2(s) : � 2

� ; a : � 1 ` s : � 2

� ` �a : � 1:s : � 1 ! � 2

� ` s1 : � 1 ! � 2 � ` s2 : � 1

� ` s1(s2) : � 2

Figure 2. The rules for assigningsorts to static terms

as follows.

sorts � ::= b j � 1 � � 2 j � 1 ! � 2

static terms s ::= a j sc(~s) j
hs1; s2i j � 1(s1) j � 2(s2) j
�a : � :s j s1(s2)

props P ::= � (~s) j P1 ! P2 j B � P j
8a : � :P j B ^ P j 9a : � :P

static variable contexts � ::= ; j � ; a : �
static substitutions � ::= [] j �[ a 7! s]

The statics itself is a simply typed languageand a type in it is called sort.
We use b for basesorts, � for sorts, a for variables, and s for terms in the
statics. There are certain constants sc in statics, which are either construc-
tors scc or functions scf. Each sc is given a constant sort (c-sort) of the
form (� 1; : : : ; � n ) ) � , indicating that sc(s1; : : : ; sn ) is a term of sort � if
si can be assignedsorts � i for 1 � i � n, and we may write scc for scc().
Note that a c-sort is not considereda (regular) sort.

We use � for static variable contexts, which assignsorts to static vari-
ables,and dom (�) for the set of variablesdeclaredin �. We may write ~a : ~�
for the static variable context ; ; a1 : � 1; : : : ; an : � n , where ~a = a1; : : : ; an

and ~� = � 1; : : : ; � n . A sorting judgment is of the form � ` s : � , which
meansthat s can be assignedthe sort � under �. The rules for assigning
sorts to terms are given in Figure 2. Also, we may write � ` ~s : ~� to mean
that � ` si : � i for 1 � i � n, where~s = s1; : : : ; sn and ~� = � 1; : : : ; � n .

We use the names static variable, static constant and static term for a
variable, a constant and a term in statics. A static substitution is a �nite
mapping from static variables to static terms. We use [] for the empty
mapping and �[ a 7! s] for the mapping that extends� with a link from a to
s. Also, wewrite � [�] for the result of applying � to somesyntax � . Given �
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` � (~� ) [prop ] � ` ~s : ~�
� ` � (~s) [prop ]

� ` P1 [prop ] � ` P2 [prop ]
� ` P1 ! P2 [prop ]

� ` B : bool � ` P [prop ]

� ` B � P [prop ]

� ; a : � ` P [prop ]

� ` 8a : � :P [prop ]

� ` B : bool � ` P [prop ]

� ` B ^ P [prop ]

� ; a : � ` P [prop ]

� ` 9a : � :P [prop ]

Figure 3. The rules for forming props

and �, wewrite � : � to meanthat dom (�) = dom (�) and ; ` �( a) : �( a)
holds for each a 2 dom (�). In general,we write � 1 ` � : � 2 to mean that
� 1 ` �( a) : � 2(a) holds for each a 2 dom (�) = dom (� 2).

We assumethe existenceof a basesort bool and the static constants tt
and � that are given the c-sort () ) bool. Also, we may write B for static
terms of sort bool . For each sort � , we have a binary relation = � of c-sort
(� ; � ) ) bool . In practice, we have a sort int for integers, and we also
provide syntax for the programmer to declare new sorts, which is to be
shown in the exampleswe present.

The rule for forming props are given in Figure 3. We write ` � (~� ) [prop ]
to mean that � is prop constructor that takes static terms ~s of sorts ~� to
form a prop. As a convenient notation, we may write 8� for a sequence
of quanti�ers: 8a1 : � 1 : : : 8an : � n , where � = ; ; a1 : � 1; : : : ; an : � n .
We call the forms B � P and B ^ P guarded props and asserting props,
respectively, and we often employ subsetsorts, a form of syntactic suguar,
in the concretesyntax of ATS=LF when forming such props. For example,
when writing 8a : nat :P (9a : nat :P), we really mean 8a : int : a � 0 � P
(9a : int : a � 0 ^ P). We now intro duce the notion of constraints as
follows.

DEFINITION 1. A constraint relation is of the form �; B j= B0, where
B stands for a sequenceB1; : : : ; Bn such that � ` B i : bool holds for each
0 � i � n. A constraint �; B j= B0 is satis�ed if for each substitution � : �,
B [�] contains � or B0[�] is tt . In addition, we write �; B j= B 0 to mean
that �; B j= B0 holds for each B0 in B 0.

A proper approach to de�ning constraint relation is through the use of
models for type theory [16, 2]. This is done, for instance, in [31], where
some techniques in [3] are employed to construct a model for the statics
of a generic applied type system. Also, a detailed construction of such a
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�; B j= si = � s0
i

�; B j= � (s1 ; : : : ; sn ) � pr � (s0
1 ; : : : ; s0

n )

�; B j= P 0
1 � pr P1 �; B j= P2 � pr P 0

2

�; B j= P1 ! P2 � pr P 0
1 ! P 0

2

�; B ; B 0 j= B �; B ; B 0 j= P � pr P 0

�; B j= B � P � pr B 0 � P 0

� ; a : � ; B j= P � pr P 0

�; B j= 8a : � :P � pr 8a : � :P 0

�; B ; B j= B 0 �; B ; B j= P � pr P 0

�; B j= B ^ P � pr B 0 ^ P 0

� ; a : � ; B j= P � pr P 0

�; B j= 9a : � :P � pr 9a : � :P 0

Figure 4. The subprop rules for ATS=LF

dynamic terms d ::= x j f j dc[~s]( ~d) j lam x:d j app (d1; d2) j
�x f [~a]:m ) d j sif (s; d1; d2) j
� + (d) j � � (d) j lam ~a:d j app (d;~s) j
^ (d) j let ^ (x) = d1 in d2 j
hs;di j let ha; xi = d1 in d2 j

dynamic values v ::= x j dcc[~s](~v) j lam x:d j
� + (d) j lam ~a:d j ^ (v) j hs; vi

dynamic var. ctx. � ::= ; j � ; x : P j � ; f : 8� :m ) P
labeling � ::= ; j �; f : s
dynamic subst. � ::= [] j � [xf 7! d]

Figure 5. The syntax for the dynamics of ATS=LF

model can be found in [37]. In practice, we often impose certain restric-
tions on the constraint relation so that an e�ectiv e meanscan be found to
solve constraints automatically. For instance, in our current implementa-
tion of ATS [32], the imposedrestrictions guarantee that each (arithmetic)
constraint can be turned into a problem in linear integer programming.

Giventwo propsP and P 0, wewrite P � pr P0 to meanthat P is a subprop
of P 0. A subprop judgment is of the form �; B j= P � pr P0, and the rules
for deriving such judgments are given in Figure 4. Note that a subprop
judgment �; B j= P � pr P0 is conditional in the sensethat P � pr P0 is
decided under the conditions B . This is a rather powerful notion in ATS.
In contrast, type equality in Martin-L•of's constructive type theory [18, 22]
and related systemssuch as construction of calculus [11] are unconditional
in the sensethat two types are consideredequal if and only if they are
� � -equivalent.
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The syntax for the dynamics of ATS=LF is given in Figure 5. We usex
for a lam-variable and f for a �x-v ariable, and xf for a dynamic variable,
which is either an x or an f . We use dc for dynamic constants, which
are either dynamic constructors dcc or dynamic functions dcf. We assume
that each dynamic constant dc is assigneda constant prop (c-prop) of the
form 8� :B � ((P1; : : : ; Pn ) ) P). Note that a c-prop is not considereda
(regular) prop. A dynamic variable context � assignsprops to lam-variables
and decoratedprops, which are of the form 8� :m ) P, to �x-v ariables. The
construct sif forms a conditional expressionwhere the condition is a static
term. A labeling � associatesstatic terms with �x-v ariables,and a dynamic
substitution maps dynamic variables to dynamic terms. In ATS=LF , we
often use the name proof term and proof value to refer to a dynamic term
and a dynamic value, respectively.

We now intro ducetermination metrics asfollows, which play a key rôle in
guaranteeing that each well-typed program in ATS=LF is terminating.

DEFINITION 2. Given a sort � , a binary transitiv e relation < on static
terms s of the sort � is well-founded if there are no in�nitely many si of the
sort � such that si +1 < si hold for all i � 0. For instance, a common well-
founded ordering we use is the lexicographic ordering on tuples of natural
numbers. Given a well-founded binary relation < on static terms of sorts �
and a static term s of sort � , (<; s) is a metric. Note that s may contain
free static variables. We usem for metrics.

A judgment for assigninga prop to a dynamic term in ATS=LF is of the
form �; B ; � ` d : P � � . The rules for assigningprops to dynamic terms
in ATS=LF are listed in Figure 6. Note that the obvious side conditions
associated with certain rules are omitted. In the casewhere � is empty, we
may write �; B ; � ` d : P for �; B ; � ` d : P � � . The rule (pr-�x-v ar)
indicates that each occurrenceof a �x-v ariable f in a dynamic term must
be inside a term of the form app (f ;~s); if f is assigneda decoratedprop 8~a :
~� :m ) P0 for m = (<; s0), then we say that a label s0[~a 7! ~s] is attached to
this occurrenceof f . A judgment of the form �; B ; � ` d : P � � basically
meansthat d can be assignedthe prop P under �; B ; �; in addition, given
any �x-v ariable f such that �( f ) = 8~a : ~� :m ) P0 for m = (<; s0) and
� (f ) = s1 (i.e., f : s1 occurs in � ), the label attached to each occurrenceof
f in d is strictly lessthan s1 (according to the ordering < ).

As usual, we have the following substitution lemma in ATS=LF .

LEMMA 3 (Substitution). Assumethat �; B ; � ` d : P � � is derivable.

1. If � = � 0; � 00 and � 0 ` � : � 00 is derivable, then � 0; B [�]; �[�] `
d[�] : P [�] � � [�] is also derivable.
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�; B ; � ` d : P �; B j= P � pr P 0

�; B ; � ` d : P 0
(pr-sub)

�( x) = P

�; B ; � ` x : P � �
(pr-lam-v ar)

�( f ) = 8� 0 : (<; s0) ) P � ` � : � 0 �; B j= s0 [�] < � (f )

�; B ; � ` app (f ; ~s) : P � �
(pr-�x-v ar)

` dc : 8~a : ~� :B 0 � (( P1 ; : : : ; Pn ) ) P ) � ` ~s : ~� � j= B 0 [~a 7! ~s]
�; B ; � ` d1 : P1 [~a 7! ~s] : : : �; B ; � ` dn : Pn [~a 7! ~s]

�; B ; � ` dc[~s](d1 ; : : : ; dn ) : P [~a 7! ~s]
(pr-const)

�; B ; � ; x : P1 ` d : P2 � �

�; B ; � ` lam x:d : P1 ! P2 � �
(pr-lam)

�; B ; � ` d1 : P1 ! P2 � � �; B ; � ` d2 : P1 � �

�; B ; � ` app (d1 ; d2 ) : P2 � �
(pr-app)

� ; ~a : ~� ; B ; � ; f : 8~a : ~� :m ) P ` d : P � �; f : s m = (<; s)

�; B ; � ` �x f [~a]:m ) d : 8~a : ~� :P � �
(pr-�x)

�; B ; B ; � ` d : P � �

�; B ; � ` � + (d) : B � P � �
(pr- � -in tro)

�; B ; � ` d : B � P � � �; B j= B

�; B ; � ` � � (d) : P � �
(pr- � -elim)

� ; ~a : ~� ; B ; � ` d : P � �

�; B ; � ` lam ~a:d : 8~a : ~� :P � �
(pr- 8-in tro)

� ; a : � ; B ; � ` d : 8~a : ~� :P � � � ` ~s : ~�

�; B ; � ` app (d; ~s) : P [~a 7! ~s] � �
(pr- 8-elim)

�; B j= B �; B ; � ` d : P � �

�; B ; � ` ^ (d) : B ^ P � �
(pr- ^ -in tro)

�; B ; � ` d1 : B ^ P1 � � �; B ; B ; � ; x : P1 ` d2 : P2 � �

�; B ; � ` let ^ (x) = d1 in d2 : P2 � �
(pr- ^ -elim)

� ` s : � �; B ; � ` d : P [a 7! s] � �

�; B ; � ` hs; di : 9a : � :P � �
(pr- 9-in tro)

�; B ; � ` d1 : 9a : � :P1 � � � ; a : � ; B ; � ; x : P1 ` d2 : P2 � �

�; B ; � ` let ha; x i = d1 in d2 : P2 � �
(pr- 9-elim)

� ` s : bool �; B ; s; � ` d1 : P � � �; B ; : s; � ` d2 : P � �

�; B ; � ` sif (s; d1 ; d2 ) : P � �
(pr-sta-if )

Figure 6. The rules for assigningprops to dynamic terms
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2. If B = B
0
; B

00
and �; B

0
j= B

00
holds, then �; B

0
; � ` d : P � � is

derivable.

3. If � = � 0; x : P0 and �; B ; � 0 ` d0 : P0 � � holds, then �; B ; � 0 `
d[x 7! d0] : P � � is derivable.

4. If � = � 0; f : 8� 0:m ) P 0 and � = � 0; f : m and �; B ; � 0 ` d0 :
8� 0:P0 � � 0 holds, then �; B ; � 0 ` d[x 7! d0] : P � � 0 is derivable.

Pro of By standard structural induction.

We now intro duce evaluation contexts as follows for assigningdynamic
semantics to dynamic terms:

eval. ctx. E ::=
[] j dc[~s](v1; : : : ; vi � 1; E ; di ; : : : ; dn ) j app (E ; d) j app (v; E) j
� � (E ) j app (E ;~s) j let ^ (x) = E in d j let ha; xi = E in d

DEFINITION 4. We de�ne redexesand their reducts as follows.

1. dcf(v1; : : : ; vn ) is a redex if it is de�ned, and its reduct is its de�ned
value.

2. app (lam x:d; v) is a redex, and its reduct is d[x 7! v].

3. �x f [~a]:m ) d is a redex, and its reduct is:

lam ~a:d[f 7! �x f [~a]:m ) d]

4. � � ( � + (d)) is a redex and its reduct is d.

5. app (lam ~a:d;~s) is a redex, and its reduct is d[~a 7! ~s].

6. let ^ (x) = ^ (v) in d is a redex and its reduct is d[x 7! v].

7. let ha; xi = hs; vi in d is a redex and its reduct is d[a 7! s][x 7! v].

8. sif (tt ; d1; d2) is a redex, and its reduct is d1.

9. sif (� ; d1; d2) is a redex, and its reduct is d2.

Given d1 = E[d] and d2 = E[d0], where d is a redex and d0 is the reduct of
d, we write d1 ! d2 and say that d1 reducesto d2 in one step. Let ! � be
the re
exiv e and transitiv e closureof ! .
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THEOREM 5 (Subject Reduction). Assume that �; B ; � ` d : P � � is
derivable and d ! d0 holds. Then �; B ; � ` d0 : P � � is also derivable.

Pro of By structural induction on the derivation of �; B ; � ` d : P.

THEOREM 6 (Progress). Assume that ; ; ; ; ; ` d : P is derivable. Then d
is either a value or d ! d0 holds for somed0.

Pro of By structural induction on the derivation of ; ; ; ; ; ` d : P.

We next establish that every closeddynamic term d can be reduced to
a value v if d can be assigneda prop in ATS=LF . The proof technique we
employ is basedon the notion of reducibilit y [30]. Given a dynamic term
d, we write d# to mean that there is no in�nite reduction sequencefrom d:
d = d0 ! d1 ! d2 ! : : :.

DEFINITION 7 (Reducibilit y). Suppose that d is a closeddynamic term
of prop P, that is, ; ; ; ; ; ` d : P is derivable. We de�ne that d is reducible
of prop P by induction on the complexity of P, namely, the number of prop
constructors ! , � , 8, ^ and 9 in P.

1. P is a baseprop. Then d is reducible of prop P if d# holds.

2. P = P1 ! P2. Then d is reducible of prop P if d# holds and d0[x 7! v]
is reducible of prop P2 for any value v reducible of prop P1 whenever
d ! � lam x:d0 holds for somed0.

3. P = B � P0. Then d is reducible of prop P if d # holds and j= B
implies that d0 is reducible of prop P0 whenever d ! � � + (d0) holds
for somed0.

4. P = B ^ P0. Then d is reducible of prop P if d # holds and v is
reducible of prop P0 whenever d ! � ^ (v) holds.

5. P = 8~a : ~� : P0. Then d is reducible of prop P if d # holds and
d0[~a 7! ~s] is reducible of prop P0[~a 7! ~s] for any ~s of sorts ~� whenever
d ! � lam ~a:d0 holds for somed0.

6. P = 9a : � :P0. Then d is reducible of prop P if d # holds and v is
reducible of prop P0[a 7! s] whenever d ! � hs; vi holds for some s
and v.

For handling the �xed-p oint construct, we alsointro ducea notion of labeled
reducibilit y as follows.

DEFINITION 8 (Labeled Reducibilit y). Assume that �x f [~a]:m ) d is a
closeddynamic term of prop 8~a : ~� :P. Given a label s1, d is s1-reducible
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of prop 8~a : ~� :P if app (�x f [~a]:m ) d;~s) is reducible of prop P[~a 7! ~s] for
each ~s satisfying s0[~a 7! ~s] < s1, where m = (<; s0).

PROPOSITION 9. Assume that ; ; ; ` P � pr P0 is derivable and d is
reducible of prop P. Then d is also reducible of prop P 0.

Pro of By induction on the height of the derivation of ; ; ; ` P � pr P0.

The following lemma is the key to establishing Theorem 11, the main
theoretical result in this paper:

LEMMA 10 (Main). Assumethat �; B ; � ` d : P � � is derivable. Given
� and � such that � : � and � : �[�] , if we have

1. j= B [�] holds, and

2. for each x 2 dom (�) , � (x) is reducible of prop �( x), and

3. for each f 2 dom (�) , � (f ) is � (f )[�] -reducible of prop 8~a : ~� :P,
where �( f ) = 8~a : ~� :m ) P,

then d[�][ � ] is reducible of prop P[�] .

Pro of By structural induction on the derivation of �; B ; � ` d : P � � .
Proposition 9 is neededfor handling the rule (pr-sub) . Pleasesee[34] for
details in a closely related proof.3

THEOREM 11 (Totalit y). Assume that ; ; ; ; ; ` d : P is derivable. Then
d ! � v holds for somevalue v.

Pro of By Lemma 10, we have that d is reducible of prop P. Then by
the de�nition of reducibilit y, d# holds, and by Theorem 6, we have d ! � v
for somevalue v.

4 Dataprops and Pattern Matc hing
We �nd that dataprops (similar to datatypes) and pattern matching are
indispensablein practice. The following is someadditional syntax we need
for intro ducing thesefeatures:

patterns p ::= x j dcc[~a](p1; : : : ; pn )
dynamic terms d ::= : : : j case d0 of p1 ) d1 j � � � j pn ) dn

eval. ctx. E ::= : : : j case E of p1 ) d1 j � � � j pn ) dn

As usual, we require that any variable, static or dynamic, occur at most
once in a pattern. Given a value v and a pattern p, we use a judgment of

3The proof of Lemma 3.9.
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� ` x + P ) ; ; ; ; ; ; x : P
(pat-v ar)

` dcc : 8~a : ~� :B 0 � ((P1; : : : ; Pn ) ) � (~s0))
� ;~a : ~� ` pi + Pi ) � i ; B i ; � i for 1 � i � n

� 0 = � 1; : : : ; � n B
0
= B 1; : : : ; B n � 0 = � 1; : : : ; � n

� ` dcc[~a](p1; : : : ; pn ) + � (~s) ) ~a : ~� ; � 0; B 0; ~s0 = ~s;B
0
; � 0

(pat-dcc)

� ` p + P1 ) � 0; B
0
; � 0 � ; � 0; B ; B

0
; � ; � 0 ` d : P2

�; B ; � ` p ) d + P1 ) P2
(pr-clause)

�; B ; � ` d0 : P1 �; B ; � ` pi + di : P1 ) P2 for 1 � i � n

�; B ; � ` (case d0 of p1 ) d1 j � � � j pn ) dn ) : P2
(pr-case)

Figure 7. The proping rules for pattern matching

the form v + p ) (�; � ) to indicate v = p[�][ � ]. The rules for deriving such
judgments are given as follows,

v + x ) ([]; [x 7! v])
(vp-v ar)

vi + pi ) (� i ; � i ) for 1 � i � n
� = [~a 7! ~s] [ � 1 [ : : : [ � n � = � 1 [ : : : [ � n

dcc[~s](v1; : : : ; vn ) + dcc[~a](p1; : : : ; pn ) ) (�; � )
(vp-dcc)

and we say that v matchesp if v + p ) (�; � ) is derivable for some� and
� . Note that in the rule (vp-dcc) , the unions � 1 [ : : : [ � n and � 1 [ : : : [ � n

are well-de�ned sinceany variable can occur at most oncein a pattern.
A dynamic term of the form case v of p1 ) d1 j � � � j pn ) dn is a redex

if v + pi ) � holds for some1 � i � n, and its reduction is di [� ]. Note that
reducing such a redex may involve nondeterminism as v may match several
patterns pi .

The proping rules for pattern matching is given in Figure 7. The meaning
of a judgment of the form � ` p + s ) � 0; B

0
; � 0 is formally captured by

the following lemma.

LEMMA 12. Assume ; ; ; ; ; ` v : P, ; ` p + P ` �; B ; � and v + p )
(�; � ). Then we have � : � , j= B [�] and � : �[�] .

Pro of By structural induction.
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As an example, the judgment below is derivable,

m0 : int ; n0 : int ; p0 : int ` MULind (x) + MUL (m0; n0; p0) ) �; B ; �

where MULind is assumedto have the following c-prop:

8m : int :8n : int :8p : int: (MUL (m; n; p)) ) MUL (m + 1; n; p + n)

and � = (m : int ; n : int ; p : int ), B = (m + 1 = m0; n = n0; p + n = p0) and
� = (x : MUL (m; n; p)).

In order to guarantee that a closedwell-typed dynamic term of the fol-
lowing form:

case v of p1 ) d1 j � � � j pn ) dn

is always a redex, we needto verify the exhaustivenessof pattern matching
in the rule (pr-case) . We refer the reader to [33, 35] for more details on
this issue. From now on, we assumethe exhaustivenessof pattern matching
is properly veri�ed when the rule (pr-case) is applied.

In the presenceof pattern matching, nonterminating programs can be
readily constructed if we imposeno restrictions on dataprops. We thus need
to proposesomerestrictions that canbe imposedto disallow nonterminating
programs.

DEFINITION 13. An occurrence� in a prop P is ground if P = � (~s), or
P = � a : � :P0 and the occurrenceis ground in P0. An occurrence� in ~P is
ground if the occurrenceis ground in someP in ~P.

Let us �x a recursive prop constructor � 0 that takes static terms ~s of
sorts ~� 0 to form a prop � 0(~s). Also, we assumethat dcck (k = 1; : : : ; m) of
c-props 8~ak : ~� k : ( ~Pk ) ) � 0(~sk ) are associated with � 0. Then Theorem 11
still holds after � 0 and dcck (k = 1; : : : ; m) are added into ATS=LF if

1. all occurrencesof � 0 in ~Pk are ground, or

2. there is a metric m = (<; s0) such that ~a : ~� 0 ` s0 : � is derivable and
for each occurrenceof � (~s) in ~Pk , s0[~a 7! ~s] < s0[~a 7! ~sk ] holds.

The reason for this claim is that it is possible to de�ne the notion of re-
ducibilit y of prop � (~s) for all ~s : ~� 0 if either of thesetwo criteria is satis�ed.
The detailed justi�cation for the �rst criterion can be found in [34]. As
for the secondcriterion, its justi�cation is rather similar to that of the �rst
one. For instance, the �rst criterion is satis�ed if � 0 is MUL . In practice,
it seemsuncommon to encounter a need for the secondcriterion. A gen-
uine casethat requires the secondcriterion occurs in an encoding of the
reducibilit y predicate [30] for the simply-typed lambda-calculus[13].
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// [lemma1_commute]proves: m * 0 = p implies p = 0
prfun lemma1_commute{m:nat} {p:int} .<m>.

(pf: MUL(m, 0, p)): [p == 0] void =
case pf of
| MULbas() => ()
| MULind (pf) => let val _ = lemma1_commute(pf) in () end

// [lemma2_commute]proves: m * n = p implies m * (n-1) = p-m
prfun lemma2_commute{m,n:nat} {p:int} .<m>.

(pf: MUL(m, n, p)): MUL(m, n-1, p-m) =
case pf of
| MULbas() => MULbas()
| MULind pf => MULind (lemma2_commutepf)

// [lemma3_commute]proves: m * n = p implies m * (-n) = -p
prfun lemma3_commute{m,n:nat} {p:int} .<m>.

(pf: MUL(m, n, p)): MUL(m, ~n, ~p) =
case pf of
| MULbas() => MULbas()
| MULind pf => MULind (lemma3_commutepf)

// [theorem_commute] proves:
// m * n = p1 and n * m = p2 implies p1 = p2
prfun theorem_commute{m,n:nat} {p1,p2:int} .<m>.

(pf1: MUL(m, n, p1), pf2: MUL(n, m, p2)): [p1==p2] void =
case pf1 of
| MULbas() => let

prval () = lemma1_commutepf2
in

()
end

| MULind pf1 => let
prval pf2 = lemma2_commutepf2

in
theorem_commute(pf1, pf2)

end
| MULnegpf1 => let

prval pf2 = lemma3_commutepf2
in

theorem_commute(pf1, pf2)
end

Figure 8. A proof of the commutativit y of multiplication
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5 ATS=LF as a (meta) logical framew ork
We use some short examples in this section to illustrate how deduction
systemscan be encoded in ATS=LF .

5.1 Arithmetic

In Figure 8, we present somecode for proving that multiplication on natural
numbers is commutativ e. We �rst establish three lemmas that prove the
following:

1. 8m : nat:8p : int : m � 0 = p � p = 0, and

2. 8m : nat:8n : nat :8p : int : m � n = p � m � (n � 1) = p � m, and

3. 8m : nat:8n : nat :8p : int : m � n = p � m � (� n) = � p.

where the induction is on m. Then a theorem is proven that states:

8m : nat:8n : nat :8p1 : int :8p2 : int : m � n = p1 ^ m � n = p2 � p1 = p2

In other words, the commutativit y of multiplication on natural numbers is
established. If we go a bit further, we can readily usethe commutativit y of
multiplication to construct the following proof function and thus establish
the irrationalit y of the squareroot of 2:

// for proving that the square root of 2 is irrational
prfun lemma_irrationa l {p,q:nat} {x:int}

(pf1: MUL(p, p, x), pf2: MUL(q, q, 2*x)): [x == 0] void =
...

5.2 Sequent Calculus

We present somecode in Figure 9 that illustrates an approach to encoding
a fragment of intuitionistic sequent calculus in ATS=LF . This approach is
largely adopted from [7]. The syntax for this fragment is given as follows:

formulas � ::= : : : j � 1 � � 2

formula sequences � ::= ; j � ; �

For brevity, we only support the implication logic connective here. We �rst
declare a sort form for representing (propositional) formulas and another
sort forms for representing sequencesof formulas. Given the representa-
tions being �rst-order, we skip the issueof representation adequacyas it is
evident. We then declarea dataprop IN such that given a formula A and
a sequenceG of formulas, IN (A; G) is a prop that indicates A occurring in
G if a closedproof value of prop IN (A; G) can be constructed.



ATS/LF 19

datasort form = imp of (form, form)
datasort forms = none | more of (forms, form)

datatype IN (form, forms) =
| {G:forms; A:form} INone (A, more (G, A))
| {G:forms; A1,A2:form} INshi (A1, more (G, A2)) of IN (A1, G)

datatype DER(forms, form, int) =
| {G:forms; A:form} axiom (G, A, 0) of IN (A, G)
| {G:forms; A1,A2,A3:form; n1,n2:nat}

impl (G, A3, n1+n2+1) of
(IN (imp (A1,A2),G), DER(G,A1,n1), DER(more (G,A2),A3,n2))

| {G:forms; A1,A2:form; n:nat}
impr (G, imp (A1, A2), n+1) of DER(more (G, A1), A2, n)

// [sup (G1, G2)] means that G1 contains G2
propdef SUP(G1:forms, G2:forms) = {A:form} IN (A, G2) -> IN (A, G1)

prfun shiSUP {G1,G2:forms; A:form} .<>.
(f: SUP(G1, G2)): SUP(more (G1, A), more (G2, A)) =

lam i => case i of INone () => INone () | INshi i => INshi (f i)

prfun supDER{G1,G2:forms; A:form; n:nat} .<n>.
(f: SUP(G1, G2), d: DER(G2, A, n)): DER(G1, A, n) =

case d of
| axiom i => axiom (f i)
| impl (i, d1, d2) =>

impl (f i, supDER(f, d1), supDER(shiSUP f, d2))
| impr (d) => impr (supDER (shiSUP f, d))

prfun cutElim {G:forms; A1,A2:form; n1,n2:nat} .<A1, n1, n2>.
(d1: DER(G, A1), d2: DER(more (G, A1), A2)): DER(G, A2) =
...

Figure 9. An encoding of sequent calculus in ATS=LF

To represent derivations in sequent calculus,wedeclarea dataprop DER ;
given G; A and n, a derivation for � ` � of sizen can be constructed if there
is a proof value of prop DER (G; A; n), wherewe assumeG and A represent
� and � , respectively. In particular, the three constructors axiom, impl
and impr represent the following three rules (axiom) , (impl) and (impr) ,
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respectively:

� ` �
� 2 �

(axiom)

� 1 � � 2 2 � � ` � 1 � ; � 2 ` � 3

� ` � 3
(impl)

� ; � 1 ` � 2

� ` � 1 � � 2
(impr)

As an example,we implement a function supDER of the following prop:

8G1 : forms:8G2 : forms:8A : form:8n : nat :
(SUP (G1; G2); DER (G2; A; n)) ! DER (G1; A; n)

whereSUP (G1; G2) stands for 8A : form: IN (A; G2) ! IN (A; G1). There-
fore, supDER encodesa proof of the following statement: If � 1 contains � 2

and there is a derivation for � 2 ` � of sizen, then there is also a derivation
for � 1 ` � of size n. With this, the admissibility of following structural
rules can be readily established:

� ` � 2

� ; � 1 ` � 2
(w eak.)

� ; � 1; � 1 ` � 2

� ; � 1 ` � 2
(con tr.)

� ; � 1; � 2 ` � 3

� ; � 2; � 1 ` � 3
(exc h.)

Clearly, the availabilit y of higher-order functions in ATS=LF can be easily
appreciated in this example. It is straightforward to construct a function
cutElim of the following prop:

8G : forms:8A1 : form:8A2 : form:8n1 : nat :8n2 : nat :
(DER (G; A1; n1); DER (G; A2; n2)) ! 9n : nat : DER (G; A1; n)

That is, cutElim encodesa proof of the cut elimination theoremfor intuition-
istic sequent calculus. In particular, the metric for verifying the termination
of cutElim is the triple hA1; n1; n2i , lexicographically ordered (the ordering
on formulas is the standard structural ordering). The interestedreadermay
�nd further details in [7].

5.3 Lam bda-Calculus

We now present an interesting example that involves the use of higher-
order abstract syntax [8, 25, 26]. In Figure 10, we declare a sort tm for
representing pure � -terms in the statics of ATS=LF . For instance, the
lambda-term �x:�y :y(x) is represented as:

TMlam(�a 1 : tm:TMlam(�a 2 : tm:TMapp(a2; a1)))
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datasort tm = TMlamof (tm -> tm) | TMappof (tm, tm)

dataprop EVAL(tm, tm) =
| {f:tm -> tm} EVALlam(TMlam f, TMlamf)
| {t1,t2,t3:tm; f: tm -> tm}

EVALapp(TMapp (t1, t2), t3) of
(EVAL (t1, TMlamf), EVAL(f t2, t3))

datasort tp = TPzero | TPfun of (tp, tp)

// This is a representation *not* to be used
dataprop TPDER0(tm, tp) =

| {f: tm -> tm; T1,T2:tp}
TPDER0lam(TMlam f, TPfun (T1, T2)) of

{x:tm} TPDER0(x, T1) -> TPDER0(f x, T2)
| {t1,t2:tm; T1,T2:tp}

TPDER0app(TMapp (t1, t2), T2) of
(TPDER0(t1, TPfun (T1, T2)), TPDER0(t2, T1))

datasort ctx = CTXemp| CTXmoreof (ctx, tm, tp)

dataprop IN (tm, tp, ctx) =
| {G:ctx; t:tm; T:tp} INone (t, T, CTXmore(G, t, T))
| {G:ctx; t,t':tm; T,T':tp}

INshi (t, T, CTXmore(G, t', T')) of IN (t, T, G)

// This is the representation to be actually used
dataprop TPDER(ctx, tm, tp, int) =

| {G:ctx; t:tm; T:tp} TPDERhyp(G, t, T, 0) of IN (t, T, G)
| {G:ctx; f:tm -> tm; T1,T2:tp; n:nat}

TPDERlam(G, TMlamf, TPfun (T1, T2), n+1) of
{x:tm} TPDER(CTXmore(G, x, T1), f x, T2, n)

| {G:ctx; t1,t2:tm; T1,T2:tp; n1,n2:nat}
TPDERapp(G, TMapp(t1, t2), T2, n1+n2+1) of

(TPDER(G, t1, TPfun (T1, T2), n1), TPDER(G, t2, T1, n2))

prfun SubstitutionLemma {G:ctx} {t1,t2:tm} {T1,T2:tp}
(d1: TPDER(G, t1, T1), d2: TPDER(CTXmore(G, t1, T1), t2, T2))
: TPDER(G, t2, T2) = ...

prfun TypePreservation {t1,t2:tm} {T:tp}
(eval (t1, t2), d: TPDER(CTXemp, t1, T))
: TPDER(CTXemp, t2, T) = ...

Figure 10. An encoding of lambda-calculus in ATS=LF
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The essencein this representation is that a variable at the object level (the
lambda-calculus) is represented by a variable at the meta level (the statics
of ATS=LF ). A particularly appealing feature of this representation is that
a substitution function at object-level can often be readily supported by a
(built-in) substitution function at meta level. For instance, if TMlam(f )
and t represent �x:M 1 and M 2, then f (t) represents M 1[x 7! M 2]. Of
course,the adequacyof such a representation needsto be formally justi�ed,
which can be found in [24]. As an example, we declarea prop constructor
EV AL that takestwo static terms s1 and s2 of the sort tm to form a prop
EV AL (s1; s2); if a closedvalue of prop EV AL (s1; s2) can be constructed,
then the weak head normal form (WHNF) of the lambda-term represented
by s1 is the lambda-term represented by s2.

Supposethat we now want to assignsimple types to lambda-terms. We
declare a datasort tp in Figure 10 for representing simple types; TPzero
represent a basetype and TPfun(�; �) represents a function type.

In order to represent typing derivations, we declare a prop constructor
TPDER 0 that takes two static terms t and T of sorts tm and tp, respec-
tiv ely, to form a prop TPDER 0(t; T ); a proof value of prop TPDER 0(t; T )
is intended to represent a typing derivation that assignsthe type represented
by T to the lambda-term represented by t. Note that this is a higher-order
representation as TPDER0lam is assignedthe following c-prop:

8f : tm ! tm:8T1 : tp:8T2 : tp:
(8t : tm: TPDER 0(t; T1) ! TPDER 0(f (t); T2)) )
TPDER 0(TMlam (t); TPfun (T1; T2))

There are somerather seriousproblems with this representation. First and
foremost, the adequacyof this representation is di�cult to establish (even
if it holds). Second,neither of the two criteria in Section 4 is satis�ed, and
thus we needadditional techniquesfor proving the totalit y of functions that
involve the useof TPDER 0.

To avoid these di�cult issues,we intro duce a �rst-order representation
for typing derivations that assignsimple types to lambda-terms. We �rst
declarea sort ctx for representing contexts; CTXemp represents the empty
context and CTXmor e(G; t; T ) represents the context that extends G with
a declaration for a typing derivation that assignsthe type represented by
T to the lambda-term represented by t. We then declarea prop construc-
tor TPDER that takes four static terms G; t; T and n of sorts ctx; tm; tp
and int , respectively, to form a prop TPDER (G; t; T; n); a value of prop
TPDER (G; t; T; n) represents a typing derivation of size n that assigns
the type represented by T to the lambda-term represented by t, where
G indicates that the derivation may contain indeterminates (of the form
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TPDERhyp(� � �)) standing for typing derivations declared in G. With this
representation for typing derivations, the substitution lemma and the type
preservation theorem for simply typed lambda-calculus can be readily en-
coded in ATS=LF as two functions of the following props, respectively:

8G : ctx:8t1 : tm:8t2 : tm:8T1 : tp:8T2 : tp:
(TPDER � (G; t1; T1); TPDER � (CTXmor e(G; t1; T1); t2; T2)) !
TPDER � (G; t2; T2)

8t1 : tm:8t2 : tm:8T : tp:
(EV AL (t1; t2); TPDER � (CTXemp; t1; T )) !
TPDER � (CTXemp; t2; T )

where TPDER � (G; t; T ) = 9n : nat : TPDER (G; t; T; n). The interested
reader should have no di�cult y in �lling out the details.

6 Conclusion
We have presented a type systemATS=LF rooted in the framework Applied
Type System[36, 31]. In ATS=LF , every well-typed program is guaranteed
to be total. When constructing a recursive function in ATS=LF , the pro-
grammer is required to provide a metric for verifying that the recursive
function is terminating. This is essentially the approach to program ter-
mination advocated in [34]. We, however, have given an account of this
approach in a more general setting. While the primary motivation for de-
veloping ATS=LF is to support a programming paradigm that allows pro-
gramsto be combined with proofs, we argue that ATS=LF can alsobe used
asa logical framework for encoding deduction systemsand their properties.
This application is not attempted in [34]. As of now, there is no support
for parametric polymorphism in ATS=LF . We expect to incorporate this
feature into ATS=LF in the near future, and we considersuch an incorpo-
ration to be largely straightforward.

Ac kno wledgmen t The author thanks Chiyan Chenfor his time and e�ort
in preparing, together with the author, an earlier draft on which the current
paper is based.
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