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Abstract: The mechanism for declaring datat ypes to model data structures in pro-
gramming languagessuch as Standard ML and Haskell can o�er both convenience in
programming and clarit y in code. With the intro duction of dependent datat ypes in
DML, the programmer can model data structures with more accuracy, thus capturing
more program invariants. In this paper, we study some practical aspects of depen-
dent datat ypes that a�ect both type-checking and compiling pattern matching. The
results, which have already beentested, demonstrate that dependent datat ype can not
only o�er various programming bene�ts but also lead to performance gains, yielding a
concrete casewhere safer programs run faster.
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1 In tro duction

In programming languagessuch asStandard ML (SML) [Milner et al., 1997] and
Haskell [Peyton Joneset al., 1999], the programmer can declare datatypes to
model the data structures neededin programming and then usepattern matching
to decompose the values of the declared datatypes. This is a mechanism that
can o�er both conveniencein programming and clarit y in code. For instance,
we can declarethe following datatype in SML to represent random-access(RA)
lists and then implement a function that takesO(log n) time to accessthe nth
element in a given RA list [Xi, 1999b].

datatype 'a ralist =
Nil

| One of 'a
| Even of 'a ralist * 'a ralist
| Odd of 'a ralist * 'a ralist

Note that we intend to use Nil for the empty list, One(x) for the singleton
list consisting of x, Even(l1; l2) for the list x1; y1; : : : ; xn ; yn (n > 0) where l1

and l2 represent lists x1; : : : ; xn and y1; : : : ; yn , respectively, and Odd(l1; l2) for
1 Partially supported by NSF grants no. CCR-0224244 and no. CCR-0229480



x1; y1; : : : ; xn ; yn ; xn +1 (n > 0) where l1 and l2 represent lists x1; : : : ; xn ; xn +1

and y1; : : : ; yn , respectively. However, this datatype declaration is unsatisfactory.
For instance,it cannot enforcethe invariant that the two arguments of Evenneed
to represent two nonempty lists containing the samenumber of elements.

We have extended ML to Dependent ML (DML) with a restricted form of
dependent types[Xi and Pfenning, 1999, Xi, 1998], introducing a notion of de-
pendent datatypes that allows the programmer to model data structures with
more accuracy. In DML, we can declarea dependent datatype as follows.

datatype 'a ralist (nat) =
Nil (0)

| One (1) of 'a
| {n:pos} Even (n+n) of 'a ralist(n) * 'a ralist(n)
| {n:pos} Odd (n+n+1) of 'a ralist(n+1) * 'a ralist(n)

In this declaration, the datatype 'a ralist is indexed with a natural number,
which stands for the length of a RA list in this case.For instance, the above
syntax indicates that

{ One is assignedthe type scheme8�:� ! (� )ralist(1), which meansthat One
forms a RA list of length 1 when given an element, and

{ Even is assignedthe following type scheme:

8�:� n : pos:(� )ralist(n) � (� )ralist(n) ! (� )ralist(n + n);

which states that Even yields a RA list of length n + n when given a pair
of RA lists of length n. We use {n:pos} to indicate that n is universally
quanti�ed over positive integers, which is usually written as � n : pos in a
dependent type theory.

Now we can implement in DML a function uncons that takes a nonempty RA
list and returns a pair consisting of the head and the tail of the RA list. We
present the implementation in Figure 1. Unfortunately, the implementation does
not type-check in DML for a simple reason.Notice that we need to prove the
list l1 is a nonempty RA list in order to type-check the following clausein the
implementation.

(x; l1) ) (x; Odd(l2; l1))

In DML, pattern matching is performed sequentially at run-time. Therefore, we
know that l1 cannot be Nil when the above clause is chosen at run-time. On
the other hand, type-checking in DML, like in ML, assumesnondeterministic
pattern matching, ignoring the fact that the above clauseis chosenonly if the
result of uncons(l1) does not match the pattern (x; Nil ). This example clearly



fun('a)
uncons (One x) = (x,Nil)

| uncons (Even (l1,l2)) =
(case uncons l1 of

(x,Nil) => (x,l2) | (x,l1) => (x,Odd (l2,l1)))
| uncons (Odd (l1,l2)) =

let val (x,l1) = uncons l1 in (x,Even (l2,l1)) end
withtype {n:pos} 'a ralist(n) -> 'a * 'a ralist(n-1)

Figure 1: The function uncons in DML

illustrates a gap between static and dynamic semantics of pattern matching in
DML.

Obviously, if all patterns in a sequenceof pattern matching clausesare mu-
tually disjoint, nondeterministic pattern matching is equivalent to sequential
pattern matching. A straightforward approach, which was adopted in DML, is
to require that the programmer replace the above clausewith three clausesas
follows, where p rangesover the three patters One( ), Even( ) and Odd( ).

(x; l1 as p) ) (x; Odd(l2; l1))

While this is a simple approach, it can causea great deal of inconveniencein
programming aswell asperformancelossat run-time. For instance, in an imple-
mentation of red/black trees, one pattern needsto be expandedinto 36 disjoint
patterns in order to make the implementation type-check and the expansion
causesthe Caml-light compiler to produce signi�cantly inferior code.

In this paper, we present an approach that bridges the gap between static
and dynamic semantics of pattern matching in DML. Given patterns p1; : : : ; pm

and p, we intend to �nd patterns p0
1; : : : ; p0

n such that a value matches p but
none of pi for i = 1; : : : ; m if and only if it matches p0

j for some 1 � j � n.
Note that p0

i ; : : : ; p0
n do not have to be mutually disjoint. We emphasizethat

resolving sequentialit y in pattern matching is only neededfor type-checking in
DML; it is not neededfor compiling programs in DML. Similar problems have
alreadybeenextensively studied in the context of lazy pattern matching compila-
tion [Augustsson,1985, Puel and Su�arez, 1993, Laville, 1990, Maranget, 1994].
In this paper, we essentially follow Laville's approach to resolving sequentialit y
in pattern matching.2 However, there remainsa signi�cant issuein our casethat
has never beenstudied before.We needan approach that can produce the least
2 Laville's approach is simple but can be expensive. In theory, the approach leads to

an algorithm that is exponential on the size of input patterns. Also, the approach
cannot handle integer patterns becauseof the existence of in�nitely many integer
constants, but this is not a problem in our setting, which we will explain shortly.



index expressionsi; j ::= a j c j i + j j i � j j i � j j i � j
index propositions P ::= i < j j i � j j i � j j i > j j i = j j i 6= j j

P1 ^ P2 j P1 _ P2

index sorts 
 ::= int j f a : 
 j Pg j 
 1 � 
 2

index variable contexts � ::= � j �; a : 
 j �; P
satisfaction relation � j= P

index constraints � ::= P j P � � j 8a : 
 :�

Figure 2: The syntax for type index expressions

n so as to minimize the number of constraints generatedduring type-checking.
We prove that we have found such an approach, which is the main technical
contribution of the paper.

There is yet another issue.When type-checking the implementation in Fig-
ure 1 (after the above expansion), the DML type-checker generatesa warning
messagestating that the pattern matching is nonexhaustive as it assumesthat
uncons may be applied to Nil . We can eliminate this boguswarning messageby
verifying that Nil can never have a type (� )ralist(n) for any positive integer n.
This immediately implies that there is no needto insert a tag check for checking
whether the argument of uncons is Nil at run-time when we compile the imple-
mentation in Figure 1. We will explain how such tag checks can be eliminated
in Section4. Note that this is an issue similar to array bound check elimina-
tion. Along this line, we can �nd casessuch as an interpreter for a simply typed
functional programming languagewhere no run-time tag checks are neededfor
decomposing the valuesof certain datatypes.

The rest of the paper is organizedas follows. In Section2, we present some
basics on types and pattern matching in DML. We then state in Section3 a
problem on pattern matching in DML and present a solution to this problem.
We alsoprove that the solution is optimal accordingto a reasonablecriterion. In
Section4, we study pattern matching compilation in the presenceof dependent
types and present an example. We also present some experimental results in
Section5 and provide somebrief explanation. Lastly, we mention somerelated
work and conclude.

2 Preliminaries

We present in this sectionsomefeaturesin DML that arenecessaryfor our study.
Please�nd more details in [Xi and Pfenning, 1999, Xi, 1998].



2.1 T yp es in DML

Intuitiv ely speaking, dependent types are types which depend on the values of
languageexpressions.For instance,wemay form a type int (i ) for each integer i to
mean that every integer expressionof this type must have value i , that is, int (i )
is a singleton type. Note that i is the expressionon which this type depends.
We usethe nametype index expressionfor such an expression.There are various
compelling reasons,such aspractical type-checking, for imposing restrictions on
expressionsthat can be chosenas type index expressions.A novelty in DML is
to require that type index expressionsbe drawn only from a given constraint
domain. For instance, the syntax for type index expressionsin some integer
domain is given in Figure 2, where we use a for type index variables and c for
�xed integers. Note that the languagefor type index expressionsis typed. We
usethe name sort for a type in this languageso as to avoid potential confusion.
We use � for the empty index variable context and omit the standard sorting
rules for this language.We write f a : 
 j Pg to denote the subsetsort for those
elements of sort 
 that satisfy the proposition P. For example,we usenat as an
abbreviation for the subsetsort f a : int j a � 0g. We write � j= � to mean that
the constraint � is satis�ed under the index context � , that is, the formula (� )�
is satis�able in the domain of integers,where (� )� is de�ned below.

(�)� = � (�; a : int )� = (� )8a : int:�
(�; P)� = (� )(P � � ) (�; f a : 
 j Pg)� = (�; a : 
 )(P � � )

For instance, the satis�abilit y relation a : nat; b : int; a + 1 = b j= b > 0 holds
since the following formula is true in the integer domain: 8a : int:a � 0 � 8b :
int:a + 1 = b � b > 0 Note that the decidability of the satisfaction relation
depends on the constraint domain. For the integer constraint domain we use
here, the satisfaction relation is decidableas we do not accept nonlinear integer
constraints.

The types and type schemesin DML are formed as follows. We use � for
type variables and � for type constructors. Also, we use � and � for (possibly
empty) sequencesof typesand type indexes.

types� ::= � j (� )� (�) j 1 j � 1 � � 2 j � 1 ! � 2 j � a : 
 :� j � a : 
 :�
type schemes� ::= � j 8�:�

For instance, list is a type constructor and (int )list(n) is the type for integer lists
of length n. We use � a : 
 :� (� a : 
 :� ) for a universal (an existential) depen-
dent type. As an example, the universal dependent type � a : nat:(int )list(a) !
(int )list(a) captures the invariant of a function which, for every natural number
a, returns an integer list of length a when given an integer list of length a. Also
we use the existential dependent type � a : nat:(int )list(a) for integer lists of
unknown length.



� ` � � � � ` 1 � 1

� j= � 1 � � 0
1 � � � � n � � 0

n � j= i 1
:= i 0

1 � � � � j= i n
:= i 0

n

� ` (� 1; : : : ; � m )� (i 1; : : : ; i n ) � (� 0
1; : : : ; � 0

m )� (i 0
1; : : : ; i 0

n )

� ` � 1 � � 0
1 � ` � 2 � � 0

2

� ` � 1 � � 2 � � 0
1 � � 0

2

� ` � 0
1 � � 1 � ` � 2 � � 0

2

� ` � 1 ! � 2 � � 0
1 ! � 0

2

�; a : 
 ` � � � 0

� ` � a : 
 :� � � a : 
 :� 0

�; a : 
 ` � � � 0

� ` � a : 
 :� � � a : 
 :� 0

Figure 3: Type conversion rules

The typing rules for this language should be familiar from a dependently
typed � -calculus (such as the oneunderlying Coq or NuPrl). The critical notion
of type conversion usesthe judgment � ` � 1 � � 2, which is a congruent extension
of equality on index expressionsto arbitrary types. The type conversion rules
are listed in Figure 3. Notice that constraints may be generatedwhen theserules
are applied. For instance, the constraint � j= (a + n) + 1 := m + n is generated
in order to derive � ` (int )list((a + n) + 1) � (int )list(m + n).

2.2 Pattern Matc hing in DML

We brie
y present some formalism and a concrete example in this section to
explain how a pattern matching clauseis type-checked in DML.

We omit the de�nition for expressionse in DML, which are essentially ex-
pressionsin a � -calculus enriched with pattern matching. A pattern in DML
is de�ned as follows, where we use x for variables, � for wildcard and c for
constructors.3

patterns p ::= x j � j c(p) j hi j hp1; p2i j p1 as p2

Wemay write c(p1; : : : ; pn ) for c(hp1; : : : ; pn i ) and c for c(hi). Note that a variable
is allowed to occur at most once in a pattern. If p contains no variables (but
may contain wildcards), then we call p a constant pattern. We usep1 as p2 for a
composite pattern, wherewe require p2 to be more speci�c than p1 as is de�ned
in De�nition 1, and a value v matches the pattern p1 as p2 if v matches both
p1 and p2.
3 We assumethat each constructor is unary, that is, it takes exactly one argument.

For a constructor taking no argument, we can treat it as a constructor taking the
unit hi as its argument.



x # � � (�; x : � )
(pat-v ar)

� # � � (�; �)
(pat-wild)

hi # 1 � (�; �)
(pat-unit)

p1 # � 1 � (� 1; � 1) p2 # � 2 � (� 2; � 2)

hp1; p2i # � 1 � � 2 � (� 1; � 2; � 1; � 2)
(pat-pro d)

p1 # � � (� 1; � 2) p2 # � � (� 2; � 2)

p1 as p2 # � � (� 1; � 2; � 1; � 2)
(pat-as)

S(c) = � a : 
 :(� ! (� )� (�)) p # � [� := � ] � (� ; � )

c(p) # (� )� (j ) � (a : 
 ; � := � ; � ; � )
(pat-cons)

Figure 4: Typing rules for patterns

In DML, a typing judgment is of the form � ; � ` e : � , which states that the
expressione can be assignedthe type � under the index variable context � and
the expressionvariable context � . The rule (t yp e-matc h) for typing a pattern
matching clausep ) e is given as follows:

p # � 1 � (� 0; � 0) �; � 0; � ; � 0 ` e : � 2

� ; � ` p ) e : � 1 ) � 2

A judgment of the form p # � � (� ; � ), which readschecking p against � yields
� ; � , meansthat if p is required to have type � then we needto form index and
expressionvariable contexts � and � so that � ; � ` p : � is derivable. The rules
for deriving such a judgment are listed in Figure 4, whereS(c) denotesthe type
assignedto the constructor c in the signature S. For instance, given a pattern
p = cons(hx; xsi ) and a type � = (� )list (n), we can derive p # � � � ; � for the
following � and � :

� = (a : nat; a + 1 = n) and � = (x : �; xs : (� )list(a)) ;

where we assumethat cons is assignedthe following type scheme:

� a : nat:� � (� )list (a) ! (� )list(a + 1):

A pattern matching clausep ) e can be assignedthe type � 1 ) � 2 if e can be
assignedthe type � 2 under the assumption that p is required to have the type
� 1.



3 Resolving Sequentialit y

In this section, we bridge the gap betweendynamic and static semantics of pat-
tern matching in DML. Given patterns p1; : : : ; pm and p of type � , what we need
is essentially to form an index variable context � to record the constraints that
must be satis�ed if a value is to match p but noneof p1; : : : ; pm . For integer con-
stants i 1; : : : ; i m and an integer pattern variable x, we can simply form the index
variable context � = (a : int; a 6= i 1; : : : ; a 6= i m ) if we know an integer of type
int (a) matchesx but noneof i 1; : : : ; i m . However, there seemsno such a strategy
for generalpatterns. Instead, we are to �nd patterns p0

1; : : : ; p0
n such that a value

matchesp0
i for some1 � i � n if and only if it matchesp but noneof p1; : : : ; pm .

This task itself requires no use of dependent types. For simplicit y, we assume
that we are working in a simply type languageML 0 [Xi, 1998], which is essen-
tially mini-ML [Cl�ement et al., 1986] extended with general pattern matching.
In particular, a case-expressionin ML 0 is written as follows.

case e0 of p1 ) e1 j � � � j pi ) ei j � � � j pn ) en

A typing judgment in ML 0 is of the form � ` e : � , which states that expression
e is given type � under context � in which all free expressionvariables in e are
declared,and valuesare de�ned as follows.

valuesv ::= x j c(v) j hi j hv1; v2i j lam x : � :e

A value is closedif it contains no free expressionvariables. Given a value v and
a pattern p, we write v # p � � to mean that matching the value v against the
pattern p yields a substitution � . The rules for deriving such a judgment are
given as follows.

v # � � [] v # x � [x 7! v]

hi # hi � []
v1 # p1 � � 1 v2 # p2 � � 2

hv1; v2i # hp1; p2i � � 1 [ � 2

v # p � �
c(v) # c(p) � �

v # p1 � � 1 v # p2 � � 2

v # p1 as p2 � � 1 [ � 2

We use [] for the empty substitution and � [x 7! v] for the substitution that
extends � with a mapping from x to v. Also we use� 1 [ � 2 for the union of two
substitutions with distinct domains.We write v # p if v matchesp, i.e., v # p� �
holds for some� , and v6# p otherwise.We say two patterns p1 and p2 are disjoint
if there exists no value v such that both v # p1 and v # p2 hold.

De�nition 1. Given two patterns p1 and p2, p1 � p2 holds if we can derive
p1 # p2 by treating p1 as a value. We write p1 < p2 if p1 � p2 but not p2 � p1.
Intuitiv ely, p1 < p2 meansthat p1 is more speci�c than p2.



e0 ,! v0 v0 # pi � � ei [� ] ,! v

case e0 of p1 ) e1 j � � � j pi ) ei j � � � j pn ) en ,! v
(case-nd)

e0 ,! v0 v0 # pi � � v06# pj for 1 � j < i ei [� ] ,! v

case e0 of p1 ) e1 j � � � j pi ) ei j � � � j pn ) en ,! v
(case-seq)

Figure 5: The nondeterministic and sequential evaluation rules for case-
expressions

We write e ,! v to mean that expressione evaluates to v, which can be
de�ned in the style of natural semantics [Kahn, 1987]. We present both non-
deterministic and sequential rules for evaluating a case-expressionin Figure 5.
Note that DML usesthe rule (case-seq) for evaluating a case-expression.

Given the following case-expression,

case e of p1 ) e1 j � � � j pi ) ei j � � � j pn ) en

we are interested in �nding constant patterns p0
i; 1; : : : ; p0

i;n i
for each pi such that

a value matchesp0
i;j for some1 � j � n i if and only if it matchespi but none of

p1; : : : ; pi � 1. Note that a constant pattern is one that doesnot contain pattern
variables (but may contain wildcards). This allows us to replacepi ) ei with a
sequenceof pattern matching clauses

pi; 1 as pi ) ei j � � � j pi;n i as pi ) ei :

while preserving the dynamic semantics of the case-expression.4 Notice that
pi;j and pi 0;j 0 must be disjoint patterns for i 6= i 0. Therefore, this replacement
closesthe gap in DML betweenthe dynamic semantics, wherepattern matching
is done sequentially , and the static semantics, where pattern matching is done
nondeterministically. Clearly, for the sakeof e�cien t type-checking, it is desirable
to keep n i as small as possible for 1 � i � n as this minimizes the number of
constraints generatedfor type-checking the clausespi ) ei .

3.1 The Approac h

We present a simple examplebefore formally describing the proposedapproach
to resolvingsequentialit y in pattern matching. Supposep = � and p1 = (nil ; nil ).
Also supposenil and consare the only constructorsassociated with the datatype
(� )l ist . The problem is to �nd patterns p0

1; : : : ; p0
n such that a value v matches

4 We present no proof for this fact, which, though straightforw ard, requires a formal
de�nition of operational equivalence.



p but not p1 if and only if v matches p0
j for some1 � j � n. In this case,the

minimum value of n is 2 and p0
1; p0

2 are (cons(� ); � ), (� ; cons(� )). Note that p0
1

and p0
2 are not (required to be) disjoint.

De�nition 2. Given a type � and a pattern p, p is a � -pattern if p + � is
derivable with the following rules.

` � + � ` x + � ` hi + 1

` p1 + � 1 ` p2 + � 2

` hp1; p2i + � 1 � � 2

` p1 + � ` p2 + �
` p1 as p2 + �

S(c) = � ! (� )� ` p + � [� := � ]

` c(p) + (� )�

Clearly, if p + � is derivable, then there exists � such that � ` p : � is derivable.

For the rest of this section,weassumethat for every � -pattern p there existsa
closedvalue v matching p if � is closed,that is, � contains no free type variables.
This allows us to rule out somepathological cases.5

De�nition 3. Given n patterns p1; : : : ; pn , where n � 1, we de�ne p1 _ � � � _ pn

as a disjunctiv e pattern such that a value v matches this pattern if and only if
v matchespi for some1 � i � n. We use[p]� for the set of closedvaluesof type
� that match p, and [p1 _ � � � _ pn ]� = [p1]� [ � � � [ [pn ]� .

Formally speaking, we intend to �nd an approach that, when given a list of
� -patterns p;p1; : : : ; pn , can yield patterns p0

1; : : : ; p0
n such that

[p]� n [p1 _ � � � _ pn ]� = [p0
1 _ � � � _ p0

n 0]� :

We regard a solution to be optimal if it �nds the minimal n0. Without loss of
generality, we can assumethat all the patterns contain no variables (but they
may contain wildcards) in the rest of the section. Note that this assumption
makesit no longer necessaryto considercomposite patterns.

De�nition 4. Given two patterns p1 and p2, a judgment of the form p1 & p2 � p
can be derived with the following rules.

` p & � � p ` � & p � p ` hi & hi � hi

` p11 & p21 � p1 ` p12 & p22 � p2

` hp11; p12i & hp21; p22i � hp1; p2i
` p1 & p2 � p

` c(p1) & c(p2) � c(p)

5 In ML, it is possibleto declarea datat ype that contains no valuesand such a datat ype
seemsuselessin practice.



� = ;

c(p) = f c0(� ) j � (c0) = � (c) and c0 6= cg [ f c(p0) j p0 2 pg

hp1; p2i = fhp; �i j p 2 p1g [ fh� ; pi j p 2 p2g

p1 _ � � � _ pn = f p0
1 ^ � � � ^ p0

n j p0
1 2 p1; � � � ; p0

n 2 pn g

Figure 6: The complement of patterns

If p1 & p2 � p is derivable, we usep1 ^ p2 for the pattern p; otherwise, p1 ^ p2 is
unde�ned. The intuition is that a value v matchesboth p1 and p2 if and only if
v matchesp1 ^ p2.

Prop osition 5. Given patterns p1 and p2, we have the following.

1. If v # p1 and v # p2 for somevalue v, then v # p1 ^ p2.

2. If p � p1 and p � p2 for somepattern p, then p � p1 ^ p2.

Proof. This is straightforward.

De�nition 6. Let V be a set of closedvaluesof type � . A � -pattern p is a (V; � )-
pattern if [p]� � V . Given a (V; � )-pattern p, if [p]� � [p0]� implies [p]� = [p0]�
for every (V; � )-pattern p0, then p is (V; � )-maximal.

Prop osition 7. We have the following.

1. Given two � -patterns p1 and p2, p1 � p2 implies [p1]� � [p2]� for every type
� .

2. Let V be a set of closed valuesof type � and p be a (V; � )-pattern. Then there
is a maximal (V; � )-pattern p0 such that p � p0

3. Let p1; : : : pn be � -patterns and V = [p1 _ � � � _ pn ]� . If p is a (V; � )-maximal
pattern, then pi � p holds for some1 � i � n.

Proof. (1) is straightforward. (2) follows the fact that there cannot exist an
in�nite chain like p < p1 < p2 < : : :. (3) follows from a structural induction on
p.

De�nition 8. For every constructor c in ML 0, we use � (c) for the type con-
structor � such that c is assigneda type of the form � ! (� )� . We de�ne the
complement p of pattern p in Figure 6, which is a set of patterns. We de�ne
p n (p1 _ � � � _ pn ) as

f p ^ p0 j p0 2 p1 _ � � � _ pn g:



We assumethat for each � there are only �nitely many constructors c such that
� (c) = � . Integerpatterns arehandleddi�eren tly asis explainedat the beginning
of the section.

Prop osition 9. We have the following.

1. Let p;p1; : : : ; pn be � -patterns for a type � . Then every pattern in p n (p1 _
� � � _ pn ) is also a � -pattern.

2. Given a type � , every value in [p]� n[p1 _ � � � _ pn ]� matchessomepattern in
p n (p1 _ � � � _ pn ).

3. Given a value v of type � , if v matchessome pattern in p n (p1 _ � � � _ pn )
then v is in [p]� n [p1 _ � � � _ pn ]� .

Proof. This is straightforward.

Lemma 10. (Main Lemma) Let p1; : : : ; pn be � -patterns and V = [p]� n [p1 _
� � � _ pn ]� . Then for each given (V; � )-pattern p0 we can �nd a pattern p00 2
p n (p1 _ � � � _ pn ) such that p0 � p00holds.

Proof. By Proposition 5 (2), it is enoughto prove this for p = � and n = 1. We
proceedby a structural induction on p1.

{ p1 = � . Then it is trivial.

{ p1 = c(p11). This caseimmediately follows from induction hypothesison p11.

{ p1 = hp11; p12i . Then � = � 1 � � 2 for sometypes � 1; � 2. We can assumethat
p0 = hp0

1; p0
2i wherepi are some� i -patterns for i = 1; 2. Let Vi = [� ]� i n[p1i ]� i

for i = 1; 2. We have several cases.

� p0
1 is a (V1; � 1)-pattern. By induction hypothesis, there exists p00

1 2 p1

such that p0
1 � p00

1 . Hence,hp0
1; p0

2i � hp00
1 ; �i 2 p.

� p0
2 is a (V2; � 2)-pattern. This is similar to the previous case.

� Neither of p0
i is a (Vi ; � i )-pattern for i = 1; 2. This implies that we can

�nd values vi of type � i such that vi 62Vi hold for i = 1; 2. Thus,
vi # p0

i hold for i = 1; 2, and this yields v = hv1; v2 i # hp0
1; p0

2i = p0. Also
note that vi 2 [p1i ]� i for i = 1; 2, which implies v = hv1; v2 i 2 [p1]� .
This contradicts p0 being a (V; � )-pattern. Therefore, this casecan never
occur.

Theorem 11. Let p, p1; : : : ; pn be � -patterns and V = [p]� n[p1 _ � � � _ pn ]� for
a given type � . Let p0

1; : : : ; p0
m be a list of patterns in pn(p1 _ � � � _ pn ) such that

(a) p0
i 6� p0

j for 1 � i 6= j � m and (b) for every p0 2 pn(p1 _ � � � _ pn ) we have
p0 � p0

k for some1 � k � m. Then V = [p0
1 _ � � � _ p0

m ]� . If V = [p00
1 _ � � � _ p00

m 0]�
for somepatterns p00

1 ; � � � ; p00
m 0, then m � m0.



fun restore (R(R t, y, c), z, d) = R(B t, y, B(c, z, d))

| restore (R(a, x, R(b, y, c)), z, d) = R(B(a, x, b), y, B(c, z, d))

| restore (a, x, R(R(b, y, c), z, d)) = R(B(a, x, b), y, B(c, z, d))

| restore (a, x, R(b, y, R t)) = R(B(a, x, b), y, B t)

| restore t == B t (* == : indication for resolving sequentiality *)

Figure 7: An example in DML

Proof. By Lemma 10, it is clear that every p0
i is (V; � )-maximal for i = 1; : : : ; m.

Assumev 2 V . By Proposition 9 (2), v matchessomep0 in pn(p1 _ � � � _ pn ),
that is, v 2 [p0]� . Sincep0 � p0

k for somek, we have v 2 [p0
k ]� by Proposition 7

(1). Hence,V � [p0
1]� [ : : :[ [p0

m ]� = [p0
1_ � � �_ p0

m ]� . Obviously, [p0
1_ � � �_ p0

m ]� � V
by Proposition 9 (3). Therefore, V = [p0

1 _ � � � _ p0
m ].

Assume V = [p00
1 _ � � � _ p00

m 0]. For every 1 � i � m0, p00
i � p0

k i
holds for

some 1 � ki � m0 by the de�nition of p0
1; : : : ; p0

m and Lemma 10. Therefore,
V = [p0

k1
_ � � � _ p0

km 0
]. Assume m0 < m. Then there exists 1 � j � m such

that j 6= ki for every 1 � i � m0. Since p0
j is (V; � )-maximal, we have p0

k i
� p0

j

for some1 � i � m0 by Proposition 7 (3). This contradicts to the de�nition of
p0

1; : : : ; p0
m . Thus, m � m0.

Therefore, given patterns p, p1; : : : ; pn , Theorem 11 givesus a method to com-
pute patterns p0

1; : : : ; p0
n 0 such that a value v matches somep0

i for 1 � i � n if
and only if v matches p but none of p1; : : : ; pn and this method always yields
the minimal n0.

Note that the presented approach does not apply to integer patterns since
there are in�nitely many integer constants. However, there is also no need for
applying the approach to integer patterns sincewe can use the simple strategy
at the beginning of this section to deal with integer patterns.

3.2 Some Applications

The code in Figure 7 is extracted from a red-black tree implementation in DML.
The function restore essentially restoresthrough tree rotations someinvariants
of a red-black tree that are destroyed after an element is inserted.

We �nd it useful to allow the programmer to decide whether sequentialit y
in pattern matching needs to be resolved. If the programmer knows pattern
matching in someimplementation can be done nondeterministically (and may
want to test it), then there is simply no need for resolving sequentialit y. For
instance, it is clearly such a casewhere no dependent datatype are involved in
pattern matching. This is alsoin line with the designmethodology behind DML:
the programmer should not pay for what is not used.Nonetheless,we emphasize



fun('a, 'b)
zip (nil, nil) = nil

| zip (cons(x, xs), cons(y, ys)) = (x, y) :: zip (xs, ys)
withtype {n:nat} 'a list(n) * 'b list(n) -> ('a * 'b) list(n)

Figure 8: A function in DML

that the programmercanalwayschooseto resolvesequentialit y when it is unclear
whether this is needed.In Figure 7, the programmer usesthe syntax to indicate
that only the last clauseneedsto be expanded into a sequenceof clausesfor
resolving sequentialit y in pattern matching while there is no need to do so for
the �rst four clauses.In this case,the last clauseexpandsinto 36 clausesof the
form

restore(t as (p1; ; p2)) = B (t);

where p1 and p2 range over the following 6 patterns: E , B ( ), R(E ; ; E ),
R(E ; ; B ( )), R(B ( ); ; E ), and R(B ( ); ; B ( )). If the programmer is re-
quired to resolve sequentialit y in pattern matching manually, it is not only
error-prone but can also make a program less readable and probably causea
compiler to produce inferior code.

The approach to resolving sequentialit y in pattern matching is also useful
for detecting the exhaustivenessof a sequenceof patterns with respect to a
given type. For instance, the code in Figure 8 implements a function that zips
together two lists of the same length. With the presented approach, we can
verify that (cons( ); nil ) and (nil ; cons( )) are the patterns such that any pair
of lists matches one of them if and only if the pair matches neither (nil ; nil )
nor (cons(x; xs), cons(y; ys)). However, neither (cons( ); nil ) nor (nil ; cons( ))
can have a type of the form (� 1)list(n) � (� 2)list(n) for any natural number n.
Therefore, we can simply conclude that the pattern matching clausesin the
de�nition of zip are exhaustive. Pleasesee[Xi, 1999a] for more details. As it is
frequent to encounter pattern matching failure in practice, it is often a standard
feature in many compilersto perform pattern matching exhaustivenessdetection.
Therefore, we expect that this feature in the presenceof dependent datatypes
can be of greater value for catching program errors at compile-time since data
structures can now be modeled with more accuracy.

4 Tag Check Elimination

Pattern matching compilation is essentially a processto transform pattern match-
ing into a sequenceof elementary if-then-else checks on tags.



4.1 The Approac h

We present somebasicson tag check elimination in the presenceof dependent
types. An expressionin ML 0 is internally represented as a syntax tree and a
position in a syntax tree is of the form � :i 1: : : : :i n , where � stands for the root
position and each i j indicates that we take the i j th branch of the current node
(branch numbering starts from 0). Given an expressione, the subexpressionof
e at position pos is the expressionrepresented by the subtree of the syntax tree
of e at position pos.

For instance, we can generatethe tag test tree in Figure 9 (with both node
5 and node 6 uncrossedat �rst) for compiling the function zip. Given a value
v, we can use the tree to perform pattern matching as follows. At the root, we
assumethat the value matches the pattern (� ; � ), that is, the value is a pair.
We then check the tag of the subexpressionof v at position � :0, that is, the
left component of the pair, reaching either node 2 or 3 depending on whether
the tag stands for nil or cons. The rest of the nodescan be explained similarly.
In general, every node in a test tree contains a pattern which the value must
match when tag checking reachesthat node, and every inner node alsocontains
a position that indicates the subexpressionon which the subsequent tag check
should be performed.

pat = ( � ; � )

p os = � :0
1

pat = ( nil; � )

p os = � :1
2

pat = ( cons ( � ; � ) ; � )

p os = � :1
3

pat = ( nil; nil )

4

pat = ( nil; cons ( � ; � ))

5

pat = ( cons ( � ; � ) ; nil )

6

pat = ( cons ( � ; � ) ; cons ( � ; � ))

7

Figure 9: A test tree for pattern matching compilation

We now usedependent typesto prune the test tree in Figure 9. Note that the
test tree is generatedfor valuesof type � = (( � )list(n); (� )list (n)), wheren is an
index variable of sort nat. Therefore, a leaf node is reachable only if the pattern
attached to it can be assignedthe type � . For p = (nil ; cons(� ; � )), we can derive
p + � � (� ; �) with the rules in Figure 4, where � is a : nat; a + 1 = n; 0 = n.



Clearly, � is a contradictory context sinceno number n can be both 0 and a + 1
for some natural number a. This implies that no pair of lists of equal length
can match p as is proven in [Xi, 1999a]. We thus crossout leaf node 5 since it
is unreachable. Similarly, we can crossout leaf node 6. Since there is only one
node coming out of the node 2, there is no tag check necessaryfor that node.
Thus, we replace node 2 with node 4. Similarly, we replace node 3 with node
7. The �nal test tree is given in Figure 10, which meansthat we needonly one
tag check on the left component of a pair of lists to determine whether the pair
matches(nil ; nil ) or (cons(� ; � ); cons(� ; � )).

pat = (� ; � )
pos = � :01

pat = (nil ; nil )
4

pat = (cons(� ; � ); cons(� ; � ))
7

Figure 10: The �nal test tree

The general strategy for tag check elimination can be described as follows.
Let e be a case-expressioncase e0 of p1 ) e1 j � � � j pn ) en in a well-typed
program P in DML. In the typing derivation that establishesthe well-typedness
of P, we can �nd typing derivations of � ; � ` e0 : � 0 and � ; � ` pi � ei : � 0 ! �
(1 � i � n) for someindex variable context � , expressionvariable context � and
types � 0 and � . Given patterns p1; : : : ; pn , we construct a test tree for patterns
p1; : : : ; pn as is described above.6 For each leaf node, we check the attached
pattern p against � 0, deriving a judgment of the form p + � 0 � (� 0; � 0). If the
context �; � 0 is contradictory , we crossout the leaf node. We then crossout an
inner node if all branches coming out of it are crossedout. Finally, if there is
only one branch coming out of an inner node, we replace the inner node with
the branch. The resulting test tree is then to be used for compiling the case-
expression.

4.2 An Example

In the implementation of an interpreter for a programming language,it is often
necessaryto usetags to distinguish values,namely, evaluation results,of di�eren t
types.
6 There are various methods for doing this such as the ones described in

[MacQueen and Baudinet, 1985, Leroy, 1990] or [Peyton Jones, 1987]



fun evaluate e = eval(e, [])

and eval (Zero(e), env) = let
val ValInt i = eval (e, env)

in ValBool (i = 0) end
... ...

Figure 11: Code fragment for an interpreter

Let us declaretwo datatypesexp and value representing expressions(in the
object language) that are to be evaluated and results that are to be returned
from evaluation, respectively. For instance, we use Zero(e) for the zero test on
expressione and ValInt (i ) for an integer result.

datatype exp = ... | Zero of exp | ...
datatype value =

... | ValBool of bool | ValInt of int | ...

In Figure 11, the code fragment illustrates that the evaluation function evaluate
calls function eval, which takesan expressionand an environment (represented
as a list of values) binding the free variables in the expressionto values, and
returns a value. The code alsoshows the evaluation of an expressionof the form
Zero(e), that is, the zero test on e; when eval(e;env) returns, we need to check
the tag of the returned value to determinewhether it represents ValInt ; if it is, we
extract out the integer result i and return either ValBool(true) or ValBool(false)
depending on whether i is 0. There are usually a vast number of such tag checks
during evaluation.

Now suppose that the interpreter is written for some typed programming
languageLam and can only be applied to an expressionthat represents a well-
typed program in Lam . This meansthat e should always stand for an integer
expressionin Lam when Zero(e) is formed and eval(e;env) should return a value
representing an integer, namely, a value that matches the pattern ValInt (i ).
Thus, we should be able to eliminate the tag check when compiling the following
line in the de�nition of eval.

val ValInt i = eval (e, env)

We can indeedusethe type systemof DML to capture the above reasoning.The
basic idea is to re�ne the datatype expinto exp(t; c) such that each expressionof
type exp(t; c) stands for a term in Lam that is of type t under context c, where
a context is represented as a list of typesin Lam . Similarly, we re�ne value into
value(t). We can then assignevaluatethe following type,



last nth zip evaluate
sml/nj 4.00/3.36 (16%) 2.03/1.34 (34%) 0.70/0.49 (30%) 3.02/2.91 (4%)
ocaml 12.11/11.45(5%) 18.0/14.9 (21%) 2.11/2.05 (3%) 9.84/9.63 (2%)
ocamlopt 2.35/2.34(< 1%) 1.15/1.14 (< 1%) 1.40/1.40 (0%) 1.35/1.20 (11%)

Figure 12: Someexperiment results on tag check elimination

{t:typ} exp(t, Empty) -> value(t)

which states that evaluatereturns a result representing a value of type t in Lam
when given an expressionrepresenting a closedterm of type t in Lam (note that
Empty stands for an empty context). We remark that typ is a sort (not a type)
in DML for type index expressionrepresenting typesin Lam .

5 Exp erimen tation

The approach to resolving sequentialit y in pattern matching in Section3 has
already beenimplemented in DML and it is frequently usedin practice.

The method in Section4 for eliminating tag checks during pattern compi-
lation has yet to be implemented. Currently , the dependent types in a DML
program are erasedafter type-checking and this erasuremakes the DML pro-
gram a well-typed ML program, which can then be compiled using an existing
ML compiler. Unfortunately, dependent types are neededto be present for tag
check elimination. Thus, it is currently di�cult to adopt the method into an
existing ML compiler, though the implementation of the method itself seems
straightforward.

There are nonethelesssome unsafe features in SML/NJ (Unsafe.cast) and
Objective Caml (Obj.magic) allowing us to experiment with tag check elimina-
tion and measurethe potential performancegains.

All of our experiments are performed on a machine with a Pentium 550MHz
CPU running Linux Redhat (version5.2). The three setsof data in Figure 12 are
collected using the SML/NJ compiler (version 110.0.3), the OCAML bytecode
compiler (version 2.02) and the OCAML native code compiler (version 2.02).
We give somebrief description on the tested programs.

last We locate the last element of an integer list of length 10; 000repeatedly for
10; 000 times.

nth We �nd the nth element in an integer list of length 10; 000,wheren ranges
from 0 to 9999.

zip We zip together two integer lists of length 10; 000repeatedly for 100 times.



evaluate We usean interpreter for Lam to evaluate the 30th Fibonaccinumber.

rbtree We form a red-black tree containing 100; 000 distinct natural numbers
chosenrandomly. The implementation of red-black trees is largely adopted
from [Okasaki, 1998].

Weusethe format t1=t2 (n%) in Figure 12to indicate that it takest 1 (t2) seconds
to run the experiment without (with) tag check elimination and t 2 is n% less
than t1. Garbagecollection time is excludedwhen SML/NJ is usedand included
otherwise.

Tagcheck elimination leadsto virtually no gain in the caseof last, nth and zip
when the OCAML native compiler is used.This is not surprising since what is
eliminated is simply a conditional test and no memory instruction is involved.On
the other hand, the signi�cant gains in thesecaseswhen the SML/NJ compiler
is used seemto indicate that tag check elimination may have interacted with
other compiler optimizations such as loop unrolling.

Though the gainsare marginal at best in someof the presented cases,we feel
that tag check elimination is justi�ed as (a) the main machinery for tag check
elimination is already set up during type-checking, (b) tag check elimination
alwaysremovesdeadcode and thus leadsto more e�cien t code that is of smaller
size, and (c) tag check elimination becomesnecessaryif we intend to build a
certifying compiler that can certify that no match failure can result from the
code generated from a set of exhaustive pattern matching clauses.Note that
(b) is a strong point as it clearly separatestag check elimination from various
heuristic compiler optimizations that make someprograms run faster but slow
others down.

6 Related W ork

In [MacQueenand Baudinet, 1985], there is a study on pattern matching compi-
lation in ML, whereheuristicsarepresented for arranging tag checkssoasto min-
imize the sizeof generatedtest trees.Also pattern matching compilation for lazy
evaluation is studied in [Augustsson,1985, Laville, 1988, Puel and Su�arez, 1993].
Clearly, we can always usethe methods presented in thesestudies to generatea
test tree and then further prune the test tree with the method given in Section4.

Pattern matching in the presenceof dependent types as are described in
Martin-L•of's type theory [Nordstr•om et al., 1990] is studied in [Coquand, 1992].
There, some su�cien t conditions are presented to ensure the correctnessof a
function de�nition given through pattern matching. In this respect, the work is
casually related to ours.

A type-preservinginterpreter for a languagelike Lam is alsoimplemented in
[Augustssonand Carlsson,1999]. The implementation, to which our implemen-



tation in DML bearscertain similarit y, is written in Cayenne,a functional pro-
gramming languageextending Haskell with dependent types[Augustsson,1998].
It is reported that the implementation is considerablyfaster than a correspond-
ing onein Haskell becauseof the elimination of numeroustag checks at run-time.

Dependent datatypes are most closely related to indexed types developed
in the context of lazy functional programming [Zenger,1998] (an earlier ver-
sion can be found in [Zenger,1997]), and a brief comparison between indexed
types and the dependent types in DML is given in [Xi and Pfenning, 1999].
Also, the use of dependent types in array bound check elimination is studied
in [Xi and Pfenning, 1998].

7 Conclusion

The primary motivation for the introduction of dependent datatypesis to allow
the programmer to expressmore program properties through types and thus
capture more program errors at compile-time.

In DML, nondeterministic pattern matching is assumedin static semantics
while sequential pattern matching is adopted in dynamic semantics. This gap
makes the typing rules for pattern matching in DML too conservative as is
demonstrated in many examples.We have presented and implemented an ap-
proach that can bridge the gap by resolving the sequentialit y in pattern match-
ing. We have also proven the optimalit y of this approach according to a reason-
able criterion.

In [Xi and Pfenning, 1998], it is demonstrated that run-time array bound
checking in realistic programs can be e�ectiv ely eliminated with the use of de-
pendent types. In this paper, the application of dependent types in DML to
compiler optimization is further demonstrated as it is shown with experimental
results that dependent typescan also help eliminate run-time tag checking.

In general,we are interested in the useof formal methods in languagedesign
and implementation that can lead to not only more robust but alsomore e�cien t
programs.The useof a restricted form of dependent typesin DML hasexhibited
somepromising results in this direction.
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