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Abstract: The mechanism for declaring datatypesto model data structures in pro-
gramming languagessuc as Standard ML and Haskell can o er both conveniencein
programming and clarity in code. With the introduction of dependert datatypesin
DML, the programmer can model data structures with more accuracy, thus capturing
more program invariants. In this paper, we study some practical aspects of depen-
dent datatypesthat aect both type-chedking and compiling pattern matching. The
results, which have already beentested, demonstrate that dependert datatype can not
only o er various programming bene ts but also lead to performance gains, yielding a
concrete casewhere safer programs run faster.
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1 Intro duction

In programming languagessuch as Standard ML (SML) [Milner et al., 1997 and
Haskell [Peyton Joneset al., 1999, the programmer can declare datatypes to
model the data structures neededin programming and then usepattern matching
to decomposethe values of the declared datatypes. This is a mecanism that
can o er both conveniencein programming and clarity in code. For instance,
we can declarethe following datatype in SML to represen random-accesgRA)
lists and then implement a function that takesO(logn) time to accesshe nth
elemer in a given RA list [Xi, 19994.

datatype 'a ralist =
Nil
| Oneof 'a
| Evenof 'a ralist * 'a ralist
| Oddof 'a ralist * 'a ralist

Note that we intend to use Nil for the empty list, One(x) for the singleton
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For instance, it cannot enforcethe invariant that the two argumerts of Evenneed
to represen two nonempty lists containing the samenumber of elemerts.

We have extended ML to Dependert ML (DML) with a restricted form of
dependen types[Xi and Pfenning, 1999 Xi, 1999, introducing a notion of de-
pendent datatypesthat allows the programmer to model data structures with
more accuracy In DML, we can declarea dependert datatype as follows.

datatype 'a ralist (nat) =
Nil  (0)
| One(l) of 'a
| {n:pos} Even (n+n) of 'a ralist(n) * 'a ralist(n)
| {n:pos} Odd(n+n+1) of 'a ralist(n+1) * 'a ralist(n)

In this declaration, the datatype 'a ralist is indexed with a natural nhumber,
which stands for the length of a RA list in this case.For instance, the above
syntax indicates that

{ Oneis assignedthe type scheme8: ! ( )ralist(1), which meansthat One
forms a RA list of length 1 when given an elemen, and

{ Evenis assignedthe following type scheme:
8: n:posy( )ralist(n) ( )ralist(n)! ( )ralist(n+ n);

which states that Even yields a RA list of length n + n when given a pair
of RA lists of length n. We use {n:pos} to indicate that n is universally
qguanti ed over positive integers, which is usually written as n : posin a
dependert type theory.

Now we can implement in DML a function uncons that takesa nonempty RA
list and returns a pair consisting of the head and the tail of the RA list. We
preser the implementation in Figure 1. Unfortunately, the implementation does
not type-ched in DML for a simple reason. Notice that we needto prove the
list 13 is a nonempty RA list in order to type-ched the following clausein the
implementation.

(X;11) ) (% O0dd(l2;11))

In DML, pattern matching is performed sequettially at run-time. Therefore, we
know that 1, cannot be Nil when the above clauseis chosenat run-time. On
the other hand, type-checking in DML, like in ML, assumesnhondeterministic
pattern matching, ignoring the fact that the above clauseis chosenonly if the
result of uncong(l;) doesnot match the pattern (x; Nil). This example clearly



fun('a)
uncons (One x) = (x,Nil)
| uncons (Even (I1,12)) =
(case uncons I1 of
OGN == (x12) | (x11) => (x,0dd (12,11)))
| uncons (Odd (I1,12)) =
let val (x,/1) = uncons Il in (x,Even (I2,11)) end
withtype {n:pos} ‘'a ralist(n) -> 'a * 'a ralist(n-1)

Figure 1: The function unconsin DML

illustrates a gap between static and dynamic semartics of pattern matching in
DML.

Obviously, if all patterns in a sequenceof pattern matching clausesare mu-
tually disjoint, nondeterministic pattern matching is equivalent to sequetial
pattern matching. A straightforward approad, which was adopted in DML, is
to require that the programmer replacethe above clausewith three clausesas
follows, where p rangesover the three patters One(_), Even(_) and Odd(_).

(X;l1as p)) (x;Odd(l2;11))

While this is a simple approad, it can causea great deal of inconveniencein
programming aswell asperformancelossat run-time. For instance,in an imple-
mentation of red/black trees, one pattern needsto be expandedinto 36 disjoint
patterns in order to make the implementation type-chedk and the expansion
causesthe Caml-light compiler to produce signi cantly inferior code.

In this paper, we present an approac that bridges the gap between static

none of p; for i = 1;:::;m if and only if it matches pj0 for somel j n.
Note that p%:::;p2 do not have to be mutually disjoint. We emphasizethat
resolving sequettialit y in pattern matching is only neededfor type-cheding in
DML; it is not neededfor compiling programsin DML. Similar problems have
already beenextensiwely studied in the context of lazy pattern matching compila-
tion [Augustsson,1985 Puel and Suarez, 1993 Laville, 1999 Maranget, 1994.
In this paper, we essetially follow Laville's approadc to resolving sequettialit y
in pattern matching.? However, there remainsa signi cant issuein our casethat
has never beenstudied before. We needan approac that can produce the least
2 Laville's approach is simple but can be expensive. In theory, the approach leads to

an algorithm that is exponertial on the size of input patterns. Also, the approach

cannot handle integer patterns becauseof the existence of in nitely many integer
constants, but this is not a problem in our setting, which we will explain shortly.



index expressiond; j = ajcji+jji jji jji |
index propositions P = i< jji jji jji>jji=jji6j]j
Pi™ P2jP1_ P2

index sorts =intjfa: jPgj 1 2
index variable contexts = j;a: j;P
satisfaction relation FP
index constraints =PjP j8a:

Figure 2: The syntax for type index expressions

n soasto minimize the number of constraints generatedduring type-theding.
We prove that we have found sudch an approad, which is the main technical
contribution of the paper.

There is yet another issue.When type-cheding the implementation in Fig-
ure 1 (after the above expansion),the DML type-chedker generatesa warning
messagestating that the pattern matching is nonexhaustive asit assumeshat
uncons may be applied to Nil. We can eliminate this boguswarning messagedy
verifying that Nil can never have a type ( )ralist(n) for any positive integer n.
This immediately implies that there is no needto insert a tag ched for cheding
whether the argumernt of unconsis Nil at run-time when we compile the imple-
mentation in Figure 1. We will explain how sud tag cheds can be eliminated
in Section4. Note that this is an issue similar to array bound ched elimina-
tion. Along this line, we can nd casessuch asan interpreter for a simply typed
functional programming languagewhere no run-time tag cheds are neededfor
decomposing the valuesof certain datatypes.

The rest of the paper is organizedas follows. In Section2, we presert some
basicson types and pattern matching in DML. We then state in Section3 a
problem on pattern matching in DML and preser a solution to this problem.
We alsoprove that the solution is optimal accordingto a reasonablecriterion. In
Section4, we study pattern matching compilation in the presenceof dependert
types and present an example. We also presert some experimental results in
Section5 and provide somebrief explanation. Lastly, we mention somerelated
work and conclude.

2 Preliminaries

We presert in this sectionsomefeaturesin DML that are necessanyfor our study.
Please nd more details in [Xi and Pfenning, 1999 Xi, 199§.



21 Typesin DML

Intuitiv ely speaking, dependert typesare typeswhich depend on the values of
languageexpressionsFor instance,we may form atypeint (i) for ead integeri to
meanthat every integer expressionof this type must have valuei, that is, int (i)
is a singleton type. Note that i is the expressionon which this type depends.
We usethe nametype index expressionfor such an expression.There are various
compelling reasons,such as practical type-cheding, for imposing restrictions on
expressiongthat can be chosenastype index expressionsA novelty in DML is
to require that type index expressionsbe drawn only from a given constraint
domain. For instance, the syntax for type index expressionsin some integer
domain is given in Figure 2, where we use a for type index variables and c for
xed integers. Note that the languagefor type index expressionsis typed. We
usethe name sort for a typein this languagesoasto avoid potential confusion.
We use for the empty index variable context and omit the standard sorting
rules for this language.We write fa: j Pgto denotethe subsetsort for those
elemers of sort that satisfy the proposition P. For example,we usenat asan
abbreviation for the subsetsort fa:int ja 0Og. Wewrite | to meanthat
the constraint  is satis ed under the index context , that is, the formula ( )
is satis able in the domain of integers,where( ) is de ned below.

() = (; a:int) ( )8a:int:
GP) =()XP )(;fa:r jPg) =(;a: )P )

For instance, the satis abilit y relation a : nat;b:int; a+ 1= bF b> 0 holds
sincethe following formula is true in the integer domain: 8a:inta 0 8b:
inta + 1= b b > 0 Note that the decidability of the satisfaction relation
depends on the constraint domain. For the integer constraint domain we use
here, the satisfaction relation is decidableaswe do not acceptnonlinear integer
constraints.

The types and type schemesin DML are formed as follows. We use for
type variables and for type constructors. Also, we use and for (possibly
empty) sequence®f typesand type indexes.

types = j()()jlj 1 2j 1! 2j a: :j a:
type schemes :@= j8:

For instance, list is a type constructor and (int )list(n) is the type for integer lists
of length n. Weuse a: : ( a: :) for auniversal (an existertial) depen-
dent type. As an example,the universaldependert type a: nat:(int)list(a) !
(int)list(a) capturesthe invariant of a function which, for every natural number
a, returns an integer list of length a when given an integer list of length a. Also
we use the existertial dependent type a : nat:(int)list(a) for integer lists of
unknown length.
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Figure 3: Type corversionrules

The typing rules for this language should be familiar from a dependertly
typed -calculus(such asthe oneunderlying Cog or NuPrl). The critical notion
of type conversionusesthe judgment =~ ; 2, Which is a congruert extension
of equality on index expressionsto arbitrary types. The type corversion rules
arelisted in Figure 3. Notice that constraints may be generatedwhen theserules
are applied. For instance, the constraint | (a+ n)+ 1= m + n is generated
in order to derive  (int)list((a+ n) + 1) (int)list(m + n).

2.2 Pattern Matc hing in DML

We briey presert someformalism and a concrete example in this section to
explain how a pattern matching clauseis type-thedked in DML.

We omit the de nition for expressionse in DML, which are essetially ex-
pressionsin a -calculus enriched with pattern matching. A pattern in DML
is de ned as follows, where we use x for variables, for wildcard and c for
constructors.3

patterns p = x| jc(p) ] hijhpi;pijpras p

is allowed to occur at most oncein a pattern. If p contains no variables (but
may contain wildcards), then we call p a constant pattern. We usep; as p; for a
composite pattern, where we require p, to be more speci ¢ than p; asis de ned
in De nition 1, and a value v matchesthe pattern p; as p, if v matchesboth
p1 and pe.

3 We assumethat eac constructor is unary, that is, it takes exactly one argument.
For a constructor taking no argument, we can treat it as a constructor taking the
unit hi asits argument.



(pat-v ar)

X # (;x:)
#7(;) (pat-wild)
m (pat—unit)

pr# 1 (1 1) pP2# 2 (25 2)
i # 1 2 (1 25 15 2)

p1 # (1, 2) p2# (2; 2)
p1as p2 # (15 20 13 2)

S(= a: (" () p#[ =1 ()

(pat-pro d)

(pat-as)

: : (pat-cons)
cp#() () (@: ;5 =:;)
Figure 4: Typing rules for patterns
In DML, atyping judgmernt is of the form ; ~ e: , which statesthat the

expressione can be assignedthe type under the index variable context and
the expressionvariable context . The rule (typ e-matc h) for typing a pattern
matching clausep) eis given asfollows:

p# 1 (%59 1 %5 Cero
;o P) el1) 2

A judgment of the form p # ( ; ), which readschecking p against yields

, meansthat if p is required to havetype then we needto form index and
expressionvariable cortexts and sothat ; ° p: isderivable. The rules
for deriving such a judgment are listed in Figure 4, where S(c) denotesthe type
assignedto the constructor c in the signature S. For instance, given a pattern
p = cong(hx; xsi) and atype = ( )list(n), we can derive p # ;  for the
following and

= (a:nat;a+ 1=n) and = (x:; xs:( )list(a));
where we assumethat cons is assignedthe following type scheme:
a:nat: ()list(a)! ( )list(a+ 1):

A pattern matching clausep) e canbe assignedthe type 1) . if e canbe
assignedthe type , under the assumptionthat p is required to have the type

1-



3 Resolving Seguentialit y

In this section, we bridge the gap betweendynamic and static sematrtics of pat-

matchesp? for somel i nif and only if it matchesp but noneof py;:::;pm.

This task itself requires no use of dependent types. For simplicity, we assume
that we are working in a simply type languageML o [Xi, 199§, which is essen-
tially mini-ML [Clemert et al., 1984 extended with general pattern matching.

In particular, a case-expressioiin ML g is written as follows.

casee Of p1) e j jpi) &j Jjpn) €n

A typing judgment in ML is of the form e: , which statesthat expression
eis giventype under context in which all free expressionvariablesin e are
declared,and valuesare de ned as follows.

valuesv = x jc(v) j hijhvi;voi jlam x: e

A value is closedif it contains no free expressionvariables. Given a value v and
a pattern p, we write v #p to meanthat matching the value v against the
pattern p yields a substitution . The rules for deriving such a judgment are
given as follows.

VH# 1] VH#EX [x7!V]

Vi # 1 1 Vo #p 2
hi#hi ] tvi,voi #hp;pei o[ 2
v#p VH#PL 1 VH#DP 2
c(v) # c(p) v#pras p2 1| 2

We use [] for the empty substitution and [x 7! v] for the substitution that
extends with a mapping from x to v. Also weuse ;[ » for the union of two
substitutions with distinct domains. We write v # p if v matchesp, i.e.,v#p
holds for some , and vé p otherwise. We say two patterns p; and p, are disjoint
if there exists no value v such that both v #p; and v # p, hold.

De nition 1. Given two patterns p; and p2, p1 p2 holds if we can derive
p1 # p2 by treating p; asa value. We write p; < p2 if p1 p2 but not p,  p;:.
Intuitiv ely, p1 < p2 meansthat p; is more speci ¢ than p,.



e ! Vo Vo#p el[]1! v

-nd
caseep of p1) €j jp) € jPn) €n) V(casen)
€! Vo Vo#p Vol p forl j<i e[]) v
caseep Of p1) ej jp) €j jPn) € ) V (case-seq)

Figure 5: The nondeterministic and sequetiial ewaluation rules for case-
expressions

We write e ! v to mean that expressione ewaluates to v, which can be
de ned in the style of natural semariics [Kahn, 1987. We presert both non-
deterministic and sequetial rules for evaluating a case-expressiornin Figure 5.
Note that DML usesthe rule (case-seq) for evaluating a case-expression.

Given the following case-expression,

caseeof p1) ej jp) &) jpn) en

variables (but may cortain wildcards). This allows us to replacep; ) € with a
sequenceof pattern matching clauses

P;1aspi) &) jpin,asp) &:

while preserving the dynamic semartics of the case-expressiof. Notice that
pij and piojo must be disjoint patterns for i & i% Therefore, this replacemert
closesthe gapin DML betweenthe dynamic semartics, where pattern matching
is done sequetially, and the static semarics, where pattern matching is done
nondeterministically. Clearly, for the sake of e cien t type-cheding, it is desirable
to keepn; assmall as possiblefor 1 i n asthis minimizes the number of
constraints generatedfor type-thedking the clausesp; ) €.

3.1 The Approac h

We presert a simple example before formally describingthe proposedapproach
to resolvingsequettialit y in pattern matching. Supposep = and py = (nil ; nil ).
Also supposenil and consarethe only constructors assaiated with the datatype

4 We presert no proof for this fact, which, though straightforw ard, requires a formal
de nition of operational equivalence.



p but not p; if and only if v matches p]-O for somel | n. In this case,the
minimum value of n is 2 and p?;p3 are (cons( ); ), ( ;cong )). Note that p?
and pJ are not (required to be) disjoint.

De nition 2. Given a type and a pattern p, p is a -pattern if p + is
derivable with the following rules.

+ T X+ T hi+1
TPt o1 P2t o2 TPt pet
Thpnpi 1 2 T pras p2+
S= ' () “pr [ =1
Tep) + ()
Clearly, if p+ is derivable, then there exists suchthat =~ p: isderivable.

For the rest of this section,we assumethat for every -pattern pthere existsa
closedvalue v matching pif is closed,that is, contains no freetype variables.
This allows us to rule out somepathological cases®

De nition 3. Givenn patterns p1;:::;pn, Wheren 1,wedenep;_ _ pn
as a disjunctive pattern such that a value v matchesthis pattern if and only if
v matchesp; for somel i n.Weuse[p] for the setof closedvaluesof type

that match p,and[pr_  _pn] =[P [ [ [pn] -

Formally speaking, we intend to nd an approac that, when given a list of

Pl nlpr_  _pal =[P)_  _phol:

We regard a solution to be optimal if it nds the minimal n° Without loss of
generality, we can assumethat all the patterns contain no variables (but they
may contain wildcards) in the rest of the section. Note that this assumption
makesit no longer necessarnto considercomposite patterns.

De nition 4. Giventwo patterns p; and p;, ajudgment ofthe formp; & p. p
can be derived with the following rules.

Tp& p T &p p " hi&hi hi
TP &P P P2&px P2 Tpr&p2 P
© P11 P2l & Mpo1spa2i hpa; pai T c(p1) & c(p2)  c(p)

5 In ML, it is possibleto declarea datatypethat contains no valuesand such a datatype
seemsuselessin practice.



c(p) = e )j (= (c)andc®6 cg[ fe(p9jp°2 py
ho;p2i = thp; i jp2 prg[ fh ;pi jp2 p2g
Pr_  _Pn=fpi™  ~phipd2p; PR 2 Png

Figure 6: The complemen of patterns

If p1 & po pisderivable, we usep; * p. for the pattern p; otherwise,p; * p; is
unde ned. The intuition is that a value v matchesboth p; and p; if and only if
v matchesp; * ps.

Prop osition 5. Given patterns p; and p,, we have the following.
1. If v#p and v # p, for somevaluev, thenv #p; * py.

2. 1f p prandp p. for somepattern p, thenp p1 " p2.
Proof. This is straightforward.

De nition 6. Let V beasetof closedvaluesoftype . A -pattern pisa(V; )-
pattern if [p] V. Givena (V; )-pattern p, if [p]  [p9 implies [p] = [p9
for every (V; )-pattern p° then pis (V; )-maximal.

Prop osition 7. We have the following.

1. Given two -patterns p; and py, p1 p2 implies [p1] [p2] for everytype

2. LetV be a setof closal valuesof type andp bea (V; )-pattern. Then there
is a maximal (V; )-pattern p° suchthat p  p°

3. Letpsy;::ipy be -patternsandV = [pr_  _pn] . If pisa(V; )-maximal
pattern, then p;  p holdsfor somel i n.

Proof. (1) is straightforward. (2) follows the fact that there cannot exist an
in nite chain likep < p1 < p2 < :::. (3) follows from a structural induction on

p.

De nition 8. For every constructor ¢ in ML g, we use (c) for the type con-
structor sud that c is assigneda type of the form ! ( ) . We de ne the
complemen p of pattern p in Figure 6, which is a set of patterns. We de ne
pn(p_ _pn)as

fprp’ip’2 i _po:



We assumethat for eadh there are only nitely many constructors c suc that
(c) = . Integerpatterns are handled di erently asis explainedat the beginning
of the section.

Prop osition 9. We have the following.

1. Let p;p1;:::;pn be -patterns for a type . Then every pattern in pn(p; _
__ pn) is alsoa -pattern.
2. Given atype , everyvaluein [p] n[p1_ _ pn] matchessomepattern in
pn(pr_  _pn).
3. Given a valuev of type , if v matchessomepattern in pn(pr _  _ pn)
thenvisin [p] n[pr_  _ pnl -

Proof. This is straightforward.

Lemma 10. (Main Lemma) Let ps1;:::;pn be -patterns and V = [p] n[py _
_ pn] . Then for each given (V; )-pattern p° we can nd a pattern p° 2
pn(pt _  _ pn) suchthat p° p®holds.

Proof. By Proposition 5 (2), it is enoughto prove this for p= andn = 1. We
proceedby a structural induction on p;.

{ p1= . Thenit is trivial.
{ p1 = c(p11). This caseimmediately follows from induction hypothesison pi1.

{ p1 = hp11;p12i. Then = ; , for sometypes i1; . We can assumethat
p°= mp?; pdi where p; are some i-patterns for i = 1;2. Let V; = [ ], n[pui]
for i = 1;2. We have seweral cases.

pd is a (V1; 1)-pattern. By induction hypothesis, there exists p°2 pr
such that p?  p° Hence,lp?;pdi Mm% i 2 p.

pJ is a (Vz; »)-pattern. This is similar to the previous case.

Neither of p? is a (Vi; i)-pattern for i = 1;2. This implies that we can
nd valuesv; of type ; such that v; 62V; hold for i = 1;2. Thus,
vi #pP hold for i = 1;2, and this yields v = hvy;voi #p?;pdi = p° Also
note that vi 2 [psi], for i = 1;2, which implies v = hvy;vai 2 [pa] .

This contradicts p®being a (V; )-pattern. Therefore, this casecan never

occur.
Theorem 11. Letp, p1;:::;pn be -patternsandV = [p] nfps_  _ pa] for
agiventype . Letp?;:::;pd bealist of patterns in pn(py _  _ pn) suchthat
(@ p’6 pfor 1 i6j mand(b) for everyp®2 pn(py _  _ pn) we have
p° pP for somel k m.ThenV =[p?_ _p2].1fVv=1[p% _p%]

for somepatterns p%¢  ;p%%, thenm m°



fun restore (R(Rt, y, ¢), z d) =R(Bt vy, B, z d))
restore (R(a, X, R(b, y, ¢), z d) =R(B(a, x, b), y, B, z d))
restore (a, X, R(R(b, y, ¢), z, d) R(B(a, x, b), vy, B(c, z, d))
restore (a, X, R(b, vy, Rt) =RB(a, x, b), y, Bt
restore t == Bt (* ==: indication for resolving sequentiality *)

Figure 7: An examplein DML

Assumev 2 V. By Proposition 9 (2), v matchessomep®in pn(p. _  _ pn),
that is, v 2 [p9 . Sincep® p? for somek, we have v 2 [p?] by Proposition 7
(1). Hence,V  [pf] [:::[ [pR] = [P}_  _px] - Obviously, [p}_  _phl Vv
by Proposition 9 (3). Therefore,V = [p§_  _ p% 1.

AssumeV = [p°_  _ pl%]. Forevery1 i mC p® p} holds for
somel ki m°by the de nition of p?;:::;p? and Lemma 10. Therefore,
V= [pf, _  _pg ol Assumem®< m. Then there exists1 j m such
that j 6 ki forevery1 i m© Sincep] is (V; )-maximal, we have p;  pf
for somel i m°by Proposition 7 (3). This cortradicts to the de nition of

the minimal n°

Note that the preseried approadc does not apply to integer patterns since
there are in nitely many integer constarts. However, there is also no need for
applying the approad to integer patterns since we can usethe simple strategy
at the beginning of this sectionto deal with integer patterns.

3.2 Some Applications

The code in Figure 7 is extracted from a red-blad tree implementation in DML.
The function restore essetially restoresthrough tree rotations someinvariants
of a red-bladck tree that are destroyed after an elemen is inserted.

We nd it useful to allow the programmer to decide whether sequettialit y
in pattern matching needsto be resoled. If the programmer knows pattern
matching in someimplemertation can be done nondeterministically (and may
want to test it), then there is simply no need for resolving sequetialit y. For
instance, it is clearly such a casewhere no dependert datatype are involved in
pattern matching. This is alsoin line with the designmethodology behind DML:
the programmer should not pay for what is not used. Nonethelesswe emphasize



fun(a, 'b)

zip (nil, nil) = nil

| zip (cons(x, xs), cons(y, ys)) =(x, y) = zip (xs, VyS)
withtype {nmnat} ‘'a listtn) * 'b list(tn) -> (‘a * 'b) list(n)

Figure 8: A function in DML

that the programmer canalways chooseto resolve sequettialit y whenit is unclear
whether this is needed.In Figure 7, the programmer usesthe syntax to indicate
that only the last clauseneedsto be expandedinto a sequenceof clausesfor
resolving sequettialit y in pattern matching while there is no needto do so for
the rst four clauses.In this case,the last clauseexpandsinto 36 clausesof the
form

restore(t as (pi;_;p2)) = B(t);

where p; and p, range over the following 6 patterns: E, B(_), R(E;_;E),
R(E;_;B()), R(B(L);_;E), and R(B(L);_;B(L)). If the programmer is re-
quired to resolwe sequetialit y in pattern matching manually, it is not only
error-prone but can also make a program lessreadable and probably causea
compiler to produce inferior code.

The approad to resolving sequettialit y in pattern matching is also useful
for detecting the exhaustivenessof a sequenceof patterns with respect to a
given type. For instance, the code in Figure 8 implemerts a function that zips
together two lists of the same length. With the preseried approad, we can
verify that (cons(_);nil) and (nil; cong(_)) are the patterns suc that any pair
of lists matches one of them if and only if the pair matches neither (nil; nil)
nor (cons(x; xs), cons(y;ys)). However, neither (cong(_); nil) nor (nil; consg(_))
can have a type of the form ( 1)list(n) ( 2)list(n) for any natural number n.
Therefore, we can simply conclude that the pattern matching clausesin the
de nition of zip are exhaustive. Pleasesee[Xi, 19993 for more details. As it is
frequert to encourter pattern matching failure in practice, it is often a standard
feature in many compilersto perform pattern matching exhaustivenesdetection.
Therefore, we expect that this feature in the presenceof dependert datatypes
can be of greater value for catching program errors at compile-time since data
structures can now be modeled with more accuracy

4 Tag Check Elimination

Pattern matching compilation is essetially aprocesgo transform pattern match-
ing into a sequenceof elemenary if-then-else cheds on tags.



4.1 The Approac h

We present somebasicson tag ched elimination in the presenceof dependert
types. An expressionin MLy is internally represerted as a syntax tree and a
position in a syntax tree is of the form :i;:::::i,, where standsfor the root
position and ead i; indicates that we take the ijth branch of the current node
(branch numbering starts from 0). Given an expressione, the subexpressionof
e at position posis the expressionrepresened by the subtree of the syntax tree
of e at position pos

For instance, we can generatethe tag test tree in Figure 9 (with both node
5 and node 6 uncrossedat rst) for compiling the function zip. Given a value
v, we can usethe tree to perform pattern matching as follows. At the root, we
assumethat the value matchesthe pattern ( ; ), that is, the value is a pair.
We then ched the tag of the subexpressionof v at position :0, that is, the
left componert of the pair, reacing either node 2 or 3 depending on whether
the tag standsfor nil or cons. The rest of the nodescan be explained similarly.
In general, every node in a test tree contains a pattern which the value must
match when tag chedking reachesthat node, and every inner node also contains
a position that indicates the subexpressionon which the subsequeh tag ched
should be performed.

pat = ( ;)
Tlpos: :0

pat = (nil; ) pat = (cons ( ; ); )
T| e Ewy\

pat = (nil; nil ) pat = iL_ ¢l D) pat = s () nil ) pat = (cons ( ; );cons ( ; ))
T| 5 6 T|

Figure 9: A test tree for pattern matching compilation

We now usedependert typesto prune the test tree in Figure 9. Note that the
test tree is generatedfor valuesof type = (( )list(n); ( )list(n)), wheren is an
index variable of sort nat. Therefore, a leaf node is reachable only if the pattern
attachedto it canbe assignedthe type . For p= (nil ;cong ; )), wecanderive
p+ ( ;) with the rules in Figure 4, where isa:nat;a+ 1= n;0= n.



Clearly, is a cortradictory context sinceno number n canbeboth Oanda+ 1
for some natural number a. This implies that no pair of lists of equal length
can match p asis provenin [Xi, 199934. We thus crossout leaf node 5 sinceit
is unreachable. Similarly, we can crossout leaf node 6. Since there is only one
node coming out of the node 2, there is no tag chedk necessaryfor that node.
Thus, we replace node 2 with node 4. Similarly, we replace node 3 with node
7. The nal test tree is given in Figure 10, which meansthat we needonly one
tag ched on the left componert of a pair of lists to determine whether the pair
matches (nil ; nil') or (cons( ; );cong( ; )).

pat = ( ;)
Tlpos: :0

pat = (nil ;nil) || pat = (cong ; );cong ; ))
(4] 7

Figure 10: The nal test tree

The generalstrategy for tag chedk elimination can be described as follows.
Let e be a case-expressiortase ey of p1 ) €1 j i pn) enin awell-typed
program P in DML. In the typing derivation that establishesthe well-typedness

of P, wecan nd typing derivationsof ; "~ e: gand ; " p €: ¢!

(3 i n)for someindex variable context , expressionvariable context and
types o and . Given patterns p1;:::;pn, We construct a test tree for patterns
p1;:::;pn asis described above® For ead leaf node, we chedk the attached

pattern p against g, deriving a judgment of the form p+ o ( o; o). If the
context ; o is contradictory, we crossout the leaf node. We then crossout an
inner node if all branchescoming out of it are crossedout. Finally, if there is
only one branch coming out of an inner node, we replace the inner node with

the branch. The resulting test tree is then to be used for compiling the case-
expression.

4.2 An Example

In the implementation of an interpreter for a programming language,it is often
necessaryto usetagsto distinguish values,namely, evaluation results, of di erent
types.

5 There are various methods for doing this such as the ones described in
[MacQueen and Baudinet, 1985, Leroy, 1990 or [Peyton Jones, 1987]



fun evaluate e = eval(e, [])

and eval (Zero(e), env) = let
val Valint i = eval (e, env)
in ValBool (i = 0) end

Figure 11: Code fragmert for an interpreter

Let us declaretwo datatypesexp and value represeiing expressions(in the
object language)that are to be ewvaluated and results that are to be returned
from ewaluation, respectively. For instance, we use Zero(e) for the zero test on
expressione and Vallnt (i) for an integer result.

datatype exp = ... | Zero of exp |
datatype value =
| ValBool of bool | Valint of int |

In Figure 11, the code fragmert illustrates that the evaluation function evaluate
calls function eval, which takesan expressionand an environment (represeried
as a list of values) binding the free variables in the expressionto values, and
returns a value. The code alsoshaws the evaluation of an expressionof the form
Zero(e), that is, the zerotest on e; when eval(e;env) returns, we needto chedk
the tag of the returned valueto determine whether it represens Valint; if it is, we
extract out the integerresult i and return either ValBool(true) or ValBool(false)
depending on whether i is 0. There are usually a vast number of such tag chedks
during evaluation.

Now supposethat the interpreter is written for sometyped programming
languageLam and can only be applied to an expressionthat represens a well-
typed program in Lam . This meansthat e should always stand for an integer
expressionin Lam when Zero(e) is formed and eval(e;env) should return a value
represerting an integer, namely, a value that matches the pattern Vallnt(i).
Thus, we should be able to eliminate the tag ched when compiling the following
line in the de nition of eval

val Valint i = eval (e, env)

We can indeed usethe type systemof DML to capture the above reasoning.The
basicideais to re ne the datatype expinto exp(t; ¢) such that eat expressionof
type expt; ¢) standsfor aterm in Lam that is of typet under context c, where
a cortext is represerted asa list of typesin Lam . Similarly, we re ne valueinto
value(t). We can then assignevaluatethe following type,



last nth zip evaluate
sml/nj 4.00/3.36 (16%) 2.03/1.34(34%) 0.70/0.49 (30%) 3.02/2.91 (4%)
ocaml  12.11/11.45(5%) 18.0/14.9 (21%) 2.11/2.05(3%) 9.84/9.63 (2%)
ocamlopt 2.35/2.34(< 1%) 1.15/1.14 (< 1%) 1.40/1.40(0%) 1.35/1.20(11%)

Figure 12: Someexperiment results on tag ched elimination

{ttyp} exp(t, Empty) -> value(t)

which statesthat evaluatereturns a result represerting a value of typet in Lam
when given an expressionrepreserning a closedterm of typet in Lam (note that
Empty stands for an empty cortext). We remark that typ is a sort (not a type)
in DML for type index expressionrepreseting typesin Lam .

5 Exp erimen tation

The approach to resolving sequettialit y in pattern matching in Section3 has
already beenimplemented in DML and it is frequertly usedin practice.

The method in Section4 for eliminating tag cheds during pattern compi-
lation has yet to be implemented. Currently, the dependert typesin a DML
program are erasedafter type-chedking and this erasure makesthe DML pro-
gram a well-typed ML program, which can then be compiled using an existing
ML compiler. Unfortunately, dependert typesare neededto be presern for tag
ched elimination. Thus, it is currently dicult to adopt the method into an
existing ML compiler, though the implementation of the method itself seems
straightforward.

There are nonethelesssome unsafe features in SML/NJ (Unsafe.cast) and
Objective Caml (Obj.magic) allowing us to experiment with tag ched elimina-
tion and measurethe potential performancegains.

All of our experimerts are performed on a machine with a Pertium 550 MHz
CPU running Linux Redhat (version5.2). The three setsof data in Figure 12 are
collected using the SML/NJ compiler (version 110.0.3),the OCAML bytecode
compiler (version 2.02) and the OCAML native code compiler (version 2.02).
We give somebrief description on the tested programs.

last We locate the last elemert of an integerlist of length 10; 000repeatedly for
10; 000times.

nth We nd the nth elemen in an integerlist of length 10; 000, where n ranges
from 0 to 9999.

zip We zip together two integer lists of length 10; 000 repeatedly for 100 times.



evaluate Weusean interpreter for Lam to evaluate the 30th Fib onaccinumber.

rbtree  We form a red-bladc tree containing 100, 000 distinct natural numbers
chosenrandomly. The implementation of red-black trees is largely adopted
from [Okasaki, 1999.

We usethe format t;=t, (n%) in Figure 12to indicate that it takest; (t) seconds
to run the experiment without (with) tag ched elimination and t, is n% less
than t;. Garbagecollection time is excludedwhen SML/NJ is usedand included

otherwise.

Tag ched elimination leadsto virtually no gain in the caseof last, nth and zip
when the OCAML native compiler is used. This is not surprising since what is
eliminated is simply a conditional test and no memory instruction is involved. On
the other hand, the signi cant gainsin these caseswhen the SML/NJ compiler
is used seemto indicate that tag ched elimination may have interacted with
other compiler optimizations sud asloop unrolling.

Though the gainsare marginal at bestin someof the preseried caseswe feel
that tag ched elimination is justied as(a) the main machinery for tag ched
elimination is already set up during type-chedking, (b) tag ched elimination
alwaysremovesdeadcode and thus leadsto more e cien t code that is of smaller
size, and (c) tag chedk elimination becomesnecessaryif we intend to build a
certifying compiler that can certify that no match failure can result from the
code generatedfrom a set of exhaustive pattern matching clauses.Note that
(b) is a strong point asit clearly separatestag ched elimination from various
heuristic compiler optimizations that make someprograms run faster but slow
others down.

6 Related Work

In [MacQueenand Baudinet, 1989, there is a study on pattern matching compi-
lation in ML, whereheuristics are preseried for arranging tag cheds soasto min-
imize the sizeof generatedtest trees. Also pattern matching compilation for lazy
evaluation is studied in [Augustsson, 1985 Laville, 1988 Puel and Suarez, 1993.
Clearly, we can always usethe methods preseried in thesestudiesto generatea
test tree and then further prune the test tree with the method givenin Section4.

Pattern matching in the presenceof dependen types as are described in
Martin-Leof's type theory [Nordstrom et al., 1994 is studied in [Coquand, 1993.
There, somesu cien t conditions are preseried to ensurethe correctnessof a
function de nition given through pattern matching. In this respect, the work is
casually related to ours.

A type-preservinginterpreter for a languagelike Lam is alsoimplemented in
[Augustssonand Carlsson,1999. The implemertation, to which our implemen-



tation in DML bearscertain similarity, is written in Cayenne,a functional pro-
gramming languageextending Haskell with dependert types[Augustsson,1998.
It is reported that the implementation is considerablyfaster than a correspond-
ing onein Haskell becauseof the elimination of numeroustag cheds at run-time.

Dependert datatypes are most closely related to indexed types developed
in the context of lazy functional programming [Zenger,1999 (an earlier ver-
sion can be found in [Zenger,1997), and a brief comparison between indexed
types and the dependert typesin DML is given in [Xi and Pfenning, 1999.
Also, the use of dependert typesin array bound ched elimination is studied
in [Xi and Pfenning, 1998§.

7 Conclusion

The primary motivation for the introduction of dependen datatypesis to allow
the programmer to expressmore program properties through types and thus
capture more program errors at compile-time.

In DML, nondeterministic pattern matching is assumedin static sematrtics
while sequetial pattern matching is adopted in dynamic semartics. This gap
makes the typing rules for pattern matching in DML too consenative as is
demonstrated in many examples.We have preseried and implemented an ap-
proach that can bridge the gap by resolving the sequettialit y in pattern match-
ing. We have also proven the optimalit y of this approac accordingto a reason-
able criterion.

In [Xi and Pfenning, 1999, it is demonstrated that run-time array bound
cheding in realistic programs can be e ectiv ely eliminated with the use of de-
pendent types. In this paper, the application of dependert typesin DML to
compiler optimization is further demonstrated asit is shavn with experimental
results that dependert typescan also help eliminate run-time tag cheding.

In general,we are interestedin the useof formal methods in languagedesign
and implementation that canleadto not only morerobust but alsomore e cien t
programs. The useof a restricted form of dependert typesin DML has exhibited
somepromising results in this direction.
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